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ABSTRACT

Understanding the convergence properties of learning dynamics in
repeated auctions is a timely and important question in the area
of learning in auctions, with numerous applications in, e.g., online
advertising markets. This work focuses on repeated first price auc-
tions where bidders with fixed values for the item learn to bid using
mean-based algorithms — a large class of online learning algorithms
that include popular no-regret algorithms such as Multiplicative
Weights Update and Follow the Perturbed Leader. We completely
characterize the learning dynamics of mean-based algorithms, in
terms of convergence to a Nash equilibrium of the auction, in two
senses: (1) time-average: the fraction of rounds where bidders play
a Nash equilibrium approaches 1 in the limit; (2) last-iterate: the
mixed strategy profile of bidders approaches a Nash equilibrium in
the limit. Specifically, the results depend on the number of bidders
with the highest value:

o If the number is at least three, the bidding dynamics almost
surely converges to a Nash equilibrium of the auction, both
in time-average and in last-iterate.

o If the number is two, the bidding dynamics almost surely
converges to a Nash equilibrium in time-average but not
necessarily in last-iterate.

o If the number is one, the bidding dynamics may not converge
to a Nash equilibrium in time-average nor in last-iterate.

Our discovery opens up new possibilities in the study of conver-
gence dynamics of learning algorithms.
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1 INTRODUCTION

First price auctions are the current trend in online advertising
auctions. A major example is Google Ad Exchange’s switch from
second price auctions to first price auctions in 2019 [23, 41].
Compared to second price auctions, first price auctions are non-
truthful: bidders need to reason about other bidders’ private values
and bidding strategies and choose their own bids accordingly to
maximize their utilities. Finding a good bidding strategy used to
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be a difficult task due to each bidder’s lack of information of other
bidders. But given the repeated nature of online advertising auctions
and with the advance of computing technology, nowadays’ bidders
are able to learn to bid using automated bidding algorithms. As
one bidder adjusts bidding strategies using a learning algorithm,
other bidders’ utilities are affected and thus they will adjust their
strategies as well. Then, a natural question follows: if all bidders in
a repeated first price auction use some learning algorithms to adjust
bidding strategies at the same time, will they converge to a Nash
equilibrium of the auction?

A partial answer to this question is given by [27] which shows
that, in a repeated first price auction where bidders have fixed val-
ues for the item, a Nash equilibrium may or may not be learned by
the Fictitious Play algorithm, where in each round of auctions every
bidder best responds to the empirical distributions of other bidders’
bids in history. Fictitious Play, however, is a deterministic algo-
rithm that does not have the no-regret property — a desideratum
for learning algorithms in adversarial environments. The no-regret
property can only be obtained by randomized algorithms [42]. As
observed by [39] that bidders’ behavior on Bing’s advertising sys-
tem is consistent with no-regret learning, it is hence important,
from both theoretical and practical points of view, to understand
the convergence property of no-regret algorithms in repeated first
price auctions. This motivates our work.

Our contributions. Focusing on repeated first price auctions where
bidders have fixed values, we completely characterize the Nash
convergence property of a wide class of randomized online learn-
ing algorithms called “mean-based algorithms” [8]. This class con-
tains most of popular no-regret algorithms, including Multiplicative
Weights Update (MWU), Follow the Perturbed Leader (FTPL), etc..

We systematically analyze two notions of Nash convergence:
(1) time-average: the fraction of rounds where bidders play a Nash
equilibrium approaches 1 in the limit; (2) last-iterate: the mixed
strategy profile of bidders approaches a Nash equilibrium in the
limit. Specifically, the results depend on the number of bidders with
the highest value:

o If the number is at least three, the bidding dynamics of mean-
based algorithms almost surely converges to Nash equilib-
rium, both in time-average and in last-iterate.

o If the number is two, the bidding dynamics almost surely
converges to Nash equilibrium in time-average but not nec-
essarily in last-iterate.



o If the number is one, the bidding dynamics may not converge
to Nash equilibrium in time-average nor in last-iterate.

For the last case, the above non-convergence result is proved for
the Follow the Leader algorithm, which is a mean-based algorithm
that is not necessarily no-regret. We also show by experiments that
no-regret mean-based algorithms such as MWU and ¢;-Greedy may
not last-iterate converge to a Nash equilibrium.

Intuitions and techniques. The intuition behind our convergence
results (the first two cases above) relates to the notion of “iterated
elimination of dominated strategies” in game theory. Suppose there
are three bidders all having a same integer value v for the item
and choosing bids from the set {0,1,...,v — 1}. The unique Nash
equilibrium is all bidders bidding v—1. The elimination of dominated
bids is as follows: firstly, bidding 0 is dominated by bidding 1 for
each of the three bidders no matter what other bidders bid, so
bidders will learn to bid 1 or higher instead of bidding 0 at the
beginning; then, given that no bidders bid 0, bidding 1 is dominated
by bidding 2, so all bidders learn to bid at least 2; ...; in this way all
bidders learn to bid v — 1.1

The above intuition is only high-level. In particular, since bidders
use mean-based algorithms which may pick a dominated bid with
a small but positive probability, additional argument is needed to
show that bidders will finally converge to v — 1 with high probabil-
ity. To do this we borrow a technique (which is a combination of
time-partitioning and Azuma’s inequality) from [16] which shows
that bidders in a second price auction with multiple Nash equilibria
converge to the truthful equilibrium if they use mean-based algo-
rithms with an initial uniform exploration stage. Their argument
relies on the fact that, in a second price auction, all bidders learn the
truthful Nash equilibrium with high probability during the uniform
exploration stage. In contrast, we allow any mean-based algorithms
without an initial uniform exploration stage.

1.1 Discussion

An assumption made in our work is that each bidder has a fixed
value for the item sold throughout the repeated auction. Seem-
ingly restrictive, this assumption can be justified in several aspects.
First, fixed value is in fact a quite common assumption in the lit-
erature on repeated auctions, in various contexts including value
inference [39], dynamic pricing [2, 14, 29], as well as the study of
bidding equilibrium [5, 27, 30, 33]. An exception is [16] which stud-
ies repeated first price auctions under the Bayesian assumption that
bidders’ values are i.i.d. samples from a distribution at every round.
However, their result is restricted to a 2-symmetric-bidder setting
with the Uniform|0, 1] distribution where the Bayesian Nash equi-
librium (BNE) is simply every bidder bidding half of their values.
For general asymmetric distributions there is no explicit charac-
terization of the BNE [34-36] despite the existence of (inefficient)
numerical approximations [15, 18, 21, 43]. No known algorithms
can compute BNE efficiently for all asymmetric distributions, let
alone a simple, generic learning algorithm.?

I This logic has been implicitly spelled out by [27]. But their formal argument only
works for deterministic algorithms like Fictitious Play.

ZRecent work [19] even shows that computing a BNE in a first price auction where
bidders have subjective priors over others’ types is PPAD-complete.

Moreover, in real-life auctions, fixed values do occur if a same
item is sold repeatedly, bidders have stable values for that item, and
the set of bidders is fixed. An example is a few large online travel
agencies (Agoda, Airbnb, and Booking.com) competing for an ad
slot about “hotel booking”. In such Internet advertising auction
scenarios, auctions sometimes happen frequently — a large number
of auctions happen during a short amount of time. Even if the
value of a bidder changes it would not change a lot in this short
time, during which bidders may be able to converge to the Nash
equilibrium before the value changes dramatically.

Finally, as we show, even with the seemingly innocuous assump-
tion of fixed values, the learning dynamics of mean-based algo-
rithms already exhibits complicated behaviors: it may converge to
different equilibria in different runs or not converge at all. One can
envision more unpredictable behaviors when values are not fixed.

Learning in general games. Our work is related to a fundamental
question in the field of Learning in Games [10, 22, 40]: if players
in a repeated game employ online learning algorithms to adjust
strategies, will they converge to an equilibrium? And what kinds of
equilibrium? Classical results include the convergence of no-regret
learning algorithms to a Coarse Correlated Equilibrium (CCE) and
no-internal-regret algorithms to a Correlated Equilibrium in any
game [20, 26]. But given that (coarse) correlated equilibria are much
weaker than the archetypical solution concept of a Nash equilib-
rium, a more appealing and challenging question is the convergence
towards Nash equilibrium. Positive answers to this question are
only known for some special cases of algorithms and games: e.g., no-
regret algorithms converge to Nash equilibria in zero-sum games,
2 X 2 games, and routing games [10, 22, 40]. In contrast, several
works give non-convergence examples: e.g., the non-convergence
of MWU in a 3 X 3 game [11] and Regularized Learning Dynamics
in zero-sum games [37]. In this work we study the Nash equilib-
rium convergence property in first price auctions for a large class
of learning algorithms, namely the mean-based algorithms, and
provide both positive and negative results.

Last v.s. average iterate convergence. We emphasize that previous
results on convergence of learning dynamics to Nash equilibria in
games are mostly attained in an average sense, i.e., the empirical dis-
tributions of players’ actions converge. Our notion of time-average
convergence, which requires players play a Nash equilibrium in
almost every round, is different from the convergence of empirical
distributions; in fact, ours is stronger if the Nash equilibrium is
unique. Nevertheless, time-average convergence fails to capture
the full picture of the dynamics since players’ last-iterate (mixed)
strategy profile may not converge. Existing results about last-iterate
convergence show that most of learning dynamics actually diverge
or enter a limit cycle even in a simple 3 X 3 game [11] or zero-sum
games [37], except for a few convergence examples like optimistic
gradient descent/ascent in two-player zero-sum games [12, 45]. Our
results and techniques, regarding the convergence of any mean-
based algorithm in first price auctions, shed light on further study
of last-iterate convergence in more general settings.



1.2 Additional Related Works

We review additional related works about online learning in re-
peated auctions.? A large fraction of such works are from the seller’s
perspective, i.e., studying how a seller can maximize revenue by
adaptively changing the rules of the auction (e.g., reservation price)
over time (e.g., [1, 2, 7-9, 13, 24, 28, 31, 38]). We focus on the bidders’
learning problem.

Existing works from bidders’ perspective are mostly about “learn-
ing to bid”, studying on how to design no-regret algorithms for
a bidder to bid in various formats of repeated auctions, including
first price auctions [3, 4, 25], second price auctions [30, 44], and
more general auctions [17, 32]. Those works take the perspective
of a single bidder, without considering the interaction among mul-
tiple bidders all learning to bid at the same time. We instead study
the consequence of such interaction, showing that the learning
dynamics of multiple bidders may or may not converge to the Nash
equilibrium of the auction.

In addition to the aforementioned works [16] and [27], other
works on Nash equilibrium convergence of online learning algo-
rithms in first price auctions include, e.g., empirical works [5, 6, 23],
and a theoretical work [33]. In particular, [33] shows, indepen-
dently of our work, that in repeated first price auctions with two
mean-based learning bidders, if the dynamics converge to some
limit, then this limit must be a CCE in which the bidder with the
higher value submits bids that are close to the lower value. However,
they do not give conditions under which the dynamics converge.
We prove that the dynamics converge if the two bidders have the
same value and in fact converge to the stronger notion of a Nash
equilibrium.

Finally, a recent work [46] observes that, although no-regret
learning algorithms are able to learn Nash equilibria in iterative-
dominance-solvable games, some such games require an exponen-
tial convergence time for many no-regret algorithms. Our fixed-
value first price auction game is not iterative-dominance-solvable
in all cases. And we do not know the exact convergence rate of
no-regret (or mean-based) algorithms in our game.

Organization of the paper. Section 2 is model and preliminaries.
Section 3 presents main results. Section 4 presents the proof of The-
orem 4, which covers the main proof techniques of all our conver-
gence results. Section 5 includes experiments. Section 6 concludes
and discusses future directions. Missing proofs are in Appendix.

2 MODEL AND PRELIMINARIES

Repeated first price auctions. We consider repeated first-price
sealed-bid auctions where a single seller sells a good to a set of
N > 2 players (bidders) N = {1, 2, ..., N} for infinite rounds. Each
player i € A has a fixed private value o’ for the good throughout.
See Section 1.1 for a discussion on this assumption. We assume
that o’ is a positive integer in some range {1,...,V} where V is an
upper bound on v’. Suppose V > 3. No player knows other players’
values. Without loss of generality, assume o' > 0% > --- > o/,

At each round ¢t > 1 of the repeated auctions, each bidder i
submits a bid b; €{0,1,...,V} to compete for the good. A discrete
set of bids captures the reality that the minimum unit of money

3We do not review works about the batch learning setting, e.g., sample complexity.

is a cent. The bidder with the highest bid wins the good. If there
are more than one highest bidders, the good is allocated to one of
them uniformly at random. The bidder who wins the good pays
her bid b;, obtaining utility o’ — bi; other bidders obtain utility
0. Let u! (b, bt_i) denote bidder i’s (expected) utility when i bids
b; while other bidders bid bt_i = (L., bl{_l, b?’l, el bf]), ie.,
u' (b}, b") = (0" = b)I[b] = max;ep b{]m.

We assume that bidders never bid above or equal to their values
since that brings them negative or zero utility, which is clearly
dominated by bidding 0. We denote the set of possible bids of each
bidder i by Bi = {0,1,.. Lol - 1}.4

Online learning. We assume that each bidder i € N chooses her
bids using an online learning algorithm. Specifically, we regard the
set of possible bids B as a set of actions (or arms). At each round t,
the algorithm picks (possibly in a random way) an action bi € Blto
play, and then receives some feedback. The feedback may include
the rewards (i.e., utilities) of all possible actions in B (in the experts
setting) or only the reward of the chosen action bi (in the multi-arm
bandit setting). With feedback, the algorithm updates its choice
of actions in future rounds. We do not assume a specific feedback
model in this work. Our analysis will apply to all online learning
algorithms that satisfy the following property, called “mean-based”
[8, 16], which roughly says that the algorithm picks actions with
low average historical rewards with low probabilities.

DEFINITION 1 (MEAN-BASED ALGORITHM). Let ai(b) be the aver-
age reward of action b in the first t rounds: ol (b) = % S ul(bbgh).
An algorithm is y;-mean-based if, for any b € B*, whenever there
exists b’ € B! such that a;-_l(b’) - ag_l(b) > Vyp, the probability
that the algorithm picks b at round t is at most y;. An algorithm
is mean-based if it is y;-mean-based for some decreasing sequence
(ye)72, such thaty; — 0 ast — oo.

In this work, we assume that the online learning algorithm may
run for an infinite number of rounds. This captures the scenario
where bidders do not know how long they will be in the auction and
hence use learning algorithms that work for an arbitrary unknown
number of rounds. Infinite-round mean-based algorithms can be
obtained by modifying classical finite-round online learning algo-
rithms (e.g., MWU) with constant learning rates to have decreasing
learning rates, as shown below:

EXAMPLE 2. Let (&),2, be a decreasing sequence approaching 0.
The following algorithms are mean-based:

o Follow the Leader (or Greedy): at each roundt > 1, each player
i € N chooses an action b € argmaxbegi{aiil(b)} (with a
specific tie-breaking rule).

o &-Greedy: at each round t > 1, each player i € N with
probability 1 — ¢; chooses b € argmaxbegi{a;'il(b)}, with
probability e; chooses an action in B* uniformly at random.

o Multiplicative Weights Update (MWU): at each round t > 1,
each playeri € N chooses each action b € B with probability

wr-1 (b) roi —iy) 5

—= _— where ws(b) = exp(¢, ut(b,b .
Zblgz;i wr_1 (D) t( ) P( tZS=1 ( s ))

4We could allow a bidder to bid above v’ — 1. But a rational bidder will quickly learn

to not place such bids.

SWe note that the MWU defined here is different from the standard MWU algorithm

with decreasing parameter where the weight of each action w; (b) is updated by



Clearly, Follow the Leader is (y; = 0)-mean-based and ¢;-Greedy
is £;-mean-based. One can see [8] for why MWU is mean-based.
Additionally, MWU is no-regret when the sequence (&);2, is set
to & = O(1/Vt) (see, e.g., Theorem 2.3 in [10]).

Equilibria in first price auctions. Before presenting our main re-
sults, we characterize the set of all Nash equilibria in the first price
auction where bidders have fixed values o' > 2% > ... > oN. We
only consider pure-strategy Nash equilibria in this work.® Reusing
the notation u’(-), we denote by u! (b, b~%) the utility of bidder i
when she bids b while others bid b~ = (bl, b pi bN).
A bidding profile b = (b, ...,bN) = (b, b7) is called a Nash equi-
librium if u(b) > u!(b’,b™") for any b’ € B! and any i € N. Let
M denote the set of bidders who have the same value as bidder i,
M = {j € N :v/ =v'}. M! is the set of bidders with the highest
value.

PROPOSITION 3. The set of (pure-strategy) Nash equilibria in the
first price auctions with fixed values o' > v* > --- > o™ are bidding
profilesb = (b',...,bN) that satisfy the following:

e The case of M| > 3:b' =0l — 1 fori e M' and b/ < o' -2

forj g ML,

e The case of |IM'| = 2:

- IfN =2 oro® = 0? > 03 + 1: there are two types of Nash
equilibria: (1) b = b% = o' =1, with b/ < 0! =3 for j ¢ M?;
(2)b! =b% =0l — 2, withb/ < o' -3 forj ¢ M'.

- IfN > 2ando! =0 =0 +1:b' = b2 = 0! — 1 and
b/ <ol =2 forj¢ M.

e The case of M| = 1:

— Bidding profiles that satisfy the following are Nash equilib-
ria: b! = 02, at least one bidder in M? bids v* — 1, all other
bidders bid b/ < v* - 1.

- Ifo! = 0% +1 and |M?| = 1, then there is another type of
Nash eqw’libria:b1 =b2=02-1,b <0?- 2 forj ¢ {1,2}.

There are no other (pure-strategy) Nash equilibria.

The proof of this proposition is straightforward and omitted. In-
tuitively, whenever more than one bidder has the highest value
(IM'| > 2), they should compete with each other by bidding 0! — 1
(or o' — 2 if [M!| = 2 and no other bidders are able to compete with
them). When |M?| = 1, the unique highest-value bidder (bidder 1)
competes with the second-highest bidders (M?).

3 MAIN RESULTS: CONVERGENCE OF
MEAN-BASED ALGORITHMS

We introduce some additional notations. Let xi € RY be the mixed
strategy of player i in round ¢, where the b-th component of x;' is
the probability that player i bids b € 8! in round t. The sequence
(x;');”:l is a stochastic process, where the randomness for each
xf includes the randomness of bidding by all players in previous
rounds. Let 1, = (0, ...,0, 1,0, ..., 0) where 1 is in the b-th position.

wy(b) = w1 (b) - exp(e,ul (b, b;F)) = exp(TL; esu’ (b, b7)). The standard
algorithm is not mean-based because rewards u’ (b, b;?) in earlier rounds matter
more than rewards in later rounds given that &, is decreasing. The algorithm we define
here treat rewards at different rounds equally and is hence mean-based.

SWhether and how our results extend to mixed-strategy Nash equilibria is open.

Our main results about the convergence of mean-based algo-
rithms in repeated first price auctions depend on how many bidders
have the highest value, |M1|.

The case of [M!| > 3.

TueoREM 4. If|M}| > 3 and every bidder follows a mean-based
algorithm, then, with probability 1, both of the following events hap-
pen:

o Time-average convergence of bid sequence:

t—o0

t
1 .
lim -Zﬂ[vz'eMl,b; =ol-1]=1. 1)
s=1

o Last-iterate convergence of mixed strategy profile:
; 1o i
Vie M", tli)ngoxt =1,_4. (2)

Theorem 4 can be interpreted as follows. According to Propo-
sition 3, the bidding profile bs at round s is a Nash equilibrium if
and only if Vi € Ml,bé =ol-1 (bidders not in M bid < ol -2
by assumption’). Hence, the first result of Theorem 4 implies that
the fraction of rounds where bidders play a Nash equilibrium ap-
proaches 1 in the limit. The second result shows that all bidders
i € M! bid ! — 1 with certainty eventually, achieving a Nash
equilibrium.

The case of M| = 2.

THEOREM 5. If|M'| = 2 and every bidder follows a mean-based
algorithm, then, with probability 1, one of the following two events
happens:

o lim oo 3 31 I[Vie MY, bl =o' —2] = 1;
o limyoo 7 4, I[Vi € MY bL = 0' —1] = 1 and Vi € M,
limy o0 x; = 1415
Moreover, if N > 2 and v3 = vl — 1 then only the second event
happens.

For the case v < o! — 1, according to Proposition 3, bs is a

Nash equilibrium if and only if both bidders in M! play v! — 1 or
ol — 2 at the same time (with other bidders bidding < o! — 3 by
assurnption7), Hence, the theorem shows that the bidders eventually
converge to one of the two possible types of equilibria. Interestingly,
experiments show that some mean-based algorithms lead to the
equilibrium of ! —1 while some lead to 0! —2. Also, a same algorithm
may converge to different equilibria in different runs. See Section 5
for details.

In the case of time-average convergence to the equilibrium of
ol — 2, the last-iterate convergence result does not always holds.
Consider an example with 2 bidders, with o! = 0% = 3. We can
construct a y;-mean-based algorithm with y; = O( tﬁ) such that,
with constant probability, it holds lim; e % Zézl I[Vi e MY, b =
v! — 2] = 1 but in infinitely many rounds we have xi = 15 = 1,1_;.
The key idea is that, when ai(l) - ai (2) is positive but lower than
Vy: in some round ¢ (which happens infinitely often), we can let
the algorithm bid 2 with certainty in round ¢ + 1. This does not
violate the y;-mean-based property.

"We note that the bidders not in M can follow a mixed strategy and need not converge
to a deterministic bid.



PROPOSITION 6. If |M'| = 2, then there exists a mean-based algo-
rithm such that, when players follow this algorithm, with constant
probability their mixed strategy profiles do not converge to a Nash
equilibrium in last-iterate.

The case of [M'| = 1. The dynamics may not converge to a Nash
equilibrium of the auction in time-average nor in last-iterate, as
shown in the following example (see Appendix A for a proof).

EXAMPLE 7. Leto! = 10, 0% = 03 = 7. Assume that players use
the Follow the Leader algorithm (which is 0-mean-based) with a
specific tie-breaking rule. They may generate the following bidding
path (b}, b7, b7)r>1:

(7,6,1),(7,1,6),(7,1,1),(7,6,1),(7,1,6), (7, 1, 1), ...

Note that (7,1, 1) is not a Nash equilibrium according to Proposition 3
but it appears in % fraction of rounds, which means that the dynamics
neither converges in the time-average sense nor in the last-iterate
sense to a Nash equilibrium.

Example 7 also shows that, in the case of [M!| = 1, the bid-
ding dynamics generated by a mean-based algorithm may not con-
verge to Nash equilibrium in the classical sense of “convergence
of empirical distribution”: i.e., letting pl’; = % 22:1 1 € A(BY)
denote the empirical distribution of player i’s bids up to round
t, the vector of individual empirical distributions (p}, p?, p3)r>1
approaches a (mixed-strategy) Nash equilibrium in the limit. To
see this, note that the vector of individual empirical distributions
converges to (pl, p?, p3) where p'(7) = 1 and for i = 2,3, p'(6) = %
and pi(1) = 2 Jtis easy to verify that for bidder 1, bidding 2 has
utility (10 — 2)( 2)2 =
7, which is 10 = 7 = 3. Thus, (p ,p P ) is not a Nash equilibrium.

The mean-based algorithm in Example 7 is not no-regret. In
Section 5 we show by experiments that such non-convergence
results also hold for no-regret mean-based algorithms, e.g., MWU.

32 which is larger than the utility of bidding

4 PROOF OF THEOREM 4

The proof of Theorem 4 covers the main ideas and proof techniques
of our convergence results, so we present it here. We first provide
a proof sketch. Then in Section 4.1 we provide properties of mean-
based algorithms that will be used in the formal proof. Section 4.2
and Section 4.3 prove Theorem 4.

Proof sketch. The idea of the proof resembles the notion of it-
erative elimination of dominated strategies in game theory. We
first use a step-by-step argument to show that bidders with the
highest value (i.e., those in M) will gradually learn to avoid bidding
0,1,...,0! — 3. Then we further prove that: if |M1| = 3, they will
avoid 0! — 2 and hence converge to ! — 1; if [M!| = 2, the two
bidders may end up playing ! — 1 or 0! — 2.

To see why bidders in M! will learn to avoid 0, suppose that
there are two bidders in total and one of them (say, bidder i) bids b
with probability P(b) in history. For the other bidder (say, bidder
), if bidder j bids 0, she obtains utility «(0) = (v! — O)P(O)
she bids 1, she obtains utility a(1) = (o1 — 1)(P(0) + #). Since
a(l) — a(0) = %P(O) + (0! - 1)@ > 0 (assuming o' > 3),
bidding 1 is better than bidding 0 for bidder j. Given that bidder j is
using a mean-based algorithm, she will play 0 with small probability

(say, zero probability). The same argument applies to bidder i. Hence,
both bidders learn to not play 0. Then we take an inductive step:
assuming that no bidders play 0, ...,k — 1, we note that a(k +
1) —a(k) = L=k=2p(k) + L=k=1p(k 4+ 1) > 0 for k < o! -3,
therefore k + 1 is a better response than k and both players will
avoid bidding k. An induction shows that they will finally learn to
avoid 0, 1,...,0! — 3. Then, for the case of [M!| > 3, we will use an
additional clalm (Claim 9) to show that, if bldders bido,1,...,01 -3
rarely in history, they will also avoid bidding o! — 2 in the future.

The formal proof uses a time-partitioning technique proposed
by [16]. Roughly speaking, we partition the time horizon into some
periods 1 < Ty < Ty < Tp < ---.If bidders bid 0, 1, ...,k — 1 with
low frequency from round 1 to Tj_;, then using the mean-based
properties in Claim 8 and Claim 9, we show that they will bid k with
probability at most y; in each round from Ty_; + 1, Tp_{ + 2,..., to
Ti.. A use of Azuma’s inequality shows that the frequency of bid k in
period (T_1, Ti] is also low with high probability, which concludes
the induction. Constructing an appropriate partition allows us to
argue that the frequency of bids less than v! — 1 converges to 0 with
high probability.

4.1 Properties of Mean-Based Algorithms in
First Price Auctions

We use the following notations intensively in the proofs. We denote

by P} (k) the frequency of the highest bid submitted by bidders other

than i during the first ¢ rounds: Pti(k) = % Z§:1 I[[ max iz bﬁ' = k].

By Pti (0 : k) we mean ZI;:() Pti(f). Let P;(O : —1) be 0. Addition-

ally, let Q;(k) be the probability of bidder i winning the item

with ties if she bids k in history: Qi(k) = 1 3! | T
1
|argmaxﬁl bl|+1

[man# bg =
. Clearly,

0< NPi(k) < Q)(k) < 3P (K) <} 3)
We can use P;(O :k—1)and Qf(k) to express af(k):

ab(k) = (o' = k)(PE(0 : k — 1) + QL (k). ()

We use H; to denote the history of the first ¢ rounds, which includes
the realization of all randomness in the first ¢ rounds. Bidders
themselves may not observe the full history H;. Given H;_1, each
bidder’s mixed strategy xﬁ at round ¢ is determined, and the k-th
component of xi is exactly Pr[bi =k | H¢-1]. The following claim
says that, if other bidders rarely bid 0 to k — 1 in history, then bidder
i will not bid k with large probability in round ¢, for i € M'.

Cram 8. Assume ol > 3. Foranyie M, anyk € {0,1,...,0! —

3}, anyt > ifthe history of the first t — 1 rounds Hy_1 satisfies
P,_(0:k~ 1) < 2VN —2y;, then Pr[b} =k | H—1] < yt.

Proor. Suppose P;71(0 tk-1) < W—Zyt holds.IfaLl(kH)—
ai_l (k) > Vy, then by the mean-based property, the conditional
probability Pr[b; = k | a}_ (k+1) —a;_; (k) > Vy:, H—1] is at
most y;. Otherwise, using (4) and (3), we have

Vye 2ol (k+1) —al_ (k)

P (0:k—1) - (0! — k) Em®

> (o' k- 1)P_ (k) -



which implies

P_ (k) < Vyr+ Pl (0:k-1)). (5)

g1l

And hence,
al_ (k) < (o' —k)(PL_(0:k—1)+ lpi L (0)
by (5) < (v' = k)P,_; (0: k= 1) + 2 k Z(Vy, +Pl_(0:k-1))
;_z) Pl (0:k-1)
(since% <3)<3Vy + (01 —-k+ 3)P;_1(0 tk-1)
<3Vyr+2VP,_(0:k—1).

_ _o'-k 1
= f’_k_zV)/t+(v —k+7

0

By the assumption that Pi_l(O tk-1) < 2VN — 2y, we get

a;_l(k) <3Vy: + ZV(W -2p) =
Then, we note that (x;_l(vl—l) = P;_l(O sl
~PL(0:01—1) =
bidder bids above o' — 1 by assumption. Therefore,
“D—al_ (k) > % - (& - V) =Vye.
((k+1) = a (k) <
=k | Hy-1] S 122 O

N - V)/t

—2)+Q;_y(0'-1) >
ﬁ - 1 where the last equality holds because no

al (!
From the mean-based property, Pr[b: = k | a
Vye,Hy-1] < yt, implying Pr[b}

The following claim is for the case of k = o' — 2: if bidders rarely
bid 0 tov! —3in history, then bidder i will not bid ol — 2 with large
probability in round ¢, for i € M?, given |M!| > 3.

CrLamM 9. Suppose [MY| > 3 andov! > 2. For anyt > 1 such that
y[ 121\}2V2’ if the history Hy—1 of the first t — 1 rounds satisfies
t-1 1 ; 1 i _
Z 11[3i e MY, bl <ol 3] < then, Vi € M", Pr[b; =

v! —2 | Ht—i] <Vt

1
3NV’

4.2 TIteratively Eliminating Bids 0,1,...,0' — 3

In this subsection we show that, after a sufficiently long time, bid-
ders in M! will rarely bid 0,1,...,0! — 3, with high probability
(Corollary 13). We show this by partitioning the time horizon into
0! — 3 periods and using an induction from 0 to o' — 3. Let con-
stants ¢ = 1 + 1211\]V and d = [log.(8NV)]. Let T, be any (con-

(e=1DTp ) <1
1152N2V2) = 2
Let Ty = 12NVT, and T, = ¢Tp_y = ¥ Ty > (8NV)¥T for
ke {1,2,---,0! - 3}. Let A be event

. 1
stant) integer such that y7, < 5x77 and exp (—

Ty . i
A= | 2,5 1[3i e ML b < k] < ﬁ]

which says that bidders in M 1bid 0,1,. .., k not too often in the
first Ty rounds. Our goal is to show that Pr[A,1_s] is high.

LEMMA 10. Pr [Ag] > 1 —exp (__24?)]V)‘

ProoF. Consider any round t > Tj,. For any i € M!, given any
history H;_1 of the first t — 1 rounds, it holds that P;_, (0 : -1) =
0< 2VN — 2y;. Hence, by Claim 8, Pr[b! = 0 | Hy—1] < y. Using a
union bound over i € M?,

Pr(die MY, bl =0 | Hy—1] < [M|y:.

Let Z; = I[3i € M',b} = 0] — [M'|y; and let X; = ».!_ TbHZ
We have E[Z; | H;—1] < 0. Therefore, the sequence X7, 11, X7, 42,

..., X7, is a supermartingale (with respect to the sequence of history
Hr,, Hpyh1, - . ., Hyy—1). By Azuma’s inequality, we have

AZ
Pr[zt T+1ZtZA] Sexp(—m).

Let A = Ty, so with probability at least 1 — exp (—ﬁ) >

1 — exp (—24?}‘,) we have Zt 1,412t < Tp, or Zt T+1]I[Elz €
MLBE=0] < T + Zt0=Tb+1 |M |y, which implies

LD 1[3ie ML bi=0] < %(Tb 45l 3 € M b} —o])

1 1

T(ZTb O 21,01 1M |Yf) < wv
where the last inequality holds due to Tb = W and
1 1
T Zt 141 IM 1Yt < IM'yT, < map- 0

The following lemma says that, if bidders in M! seldom bid
0,1,...,k in the first Ty rounds, then they will also seldom bid
..k, k + 1 in the first Ty, ; rounds, with high probability.

LEMMA 11. If|MY| > 2, then fork = 0,1,...,01 — 4, we have

I/
Pr [Ak+1 |Ak] > 1—2 16Xp(—m).

ProoF. Suppose Ay holds. Consider Ag.;. We divide the rounds
in [Ty, Tg41] to d = [log.(8NV)] episodes such that T = T/? <
Tk1 < -0 < T]fl = T4 where T]g = cTZi1 for j € [1,d]. Let

j j—1 T j j j—1
rlj = [le +1, le],wnh |r,g| :'le —le )

We define a series of events Bi for j € [0,d]. B0 is the same as Ay.

. ji ; Ir/|
For j € [l,d],Bi is the event Zter,f I[3i e M, b’ <k+1] < 357

Cramv 12. Pr [B/"' | Ay, Bl

/™|
1152N2V2 )"

B{c] Zl—exp(—

.PROOF. Suppose Ak, B}C, e Bi happen. For simplicity, we write
J _ 1 J : ; 1 ; i .
Ak = [Ak,Bk,...,Bk]. Fix ani € M", consider PT,f (0 : k). Recall

] "
k I[maxy4; b} < k]. Because M > 2,

that P!, (0 k) = L

the event [max;r4; bt < k] implies that there exists i* € M', i* # i,

. . T/ .
such that b} < k. Therefore PlT,{(O 1 k) < TL,f 5 13 e ML bl <
k]. Given Ai, we have

P00 < (Tk4NV H(T =Ty ) < v
Then, for any round ¢ € FJ+1 [T] +1, TJ+1] we have

Pi_(0:k) = %(TJPI 0: k)+zt !, Tmaxis; bY sk])

k TJ
(g +-1- T’))
Jtl_rJj
(since T/ <t -1 <7/ < Lo+ £ & Tk
k= =% ) =aNV 7

. j+1 j 1
(since T]i = cT]g ) < 3/ v

. 1 1
(since y: < y1, < av) < aNv — 2Vt-



Therefore, according to Claim 8, for any history H;_ that satis-
fies A7 we have Pr [b} =b | H;_1,A]] < y, for any b € [0,k + 1.
Consider the event [3i € M?, bg < k + 1]. Using union bounds over
ieMlandb e {0,...,k+1},

Pr(3ie M b} <k+1|Hp1,Al]
< M| -Pr[b} < k+1|Hiq, ALl < MY (k+2)y; <
Let Z; =1[3i € M', bl < k+1] - [M'|Vy; and let X; = zf

IM'|Vy;.
TJ +1 Zs:
We have E[Z; | AJ,H;_l] < 0. Therefore, the sequence X /41

X Jyg e Xr 4 is a supermartingale (with respect to the sequence

of history HTZ, HT,{+1’ e HT]{H_I

)- By Azuma’s inequality, for any
A > 0, we have

Tj+1
P ko Z
' 2t—TJ+1

Tk

>Alal| < (_A_Z)
= A )Ak] < exp 2|r1£+1\

j+1
I

LetA =

j+1
T )

. Then with probability at least 1 — exp ( ~ TEaNTVE

24NV
J+1 |
_ A S
we have Zter{,l Zt < 335> which implies
™|

zter]i-ﬂl[ai e ML by <k+1] < 5hgp + zterﬁl M Vy,

‘Fjﬂl 1 |rj+1| |1-\I:+1‘
Sawv HIMIVRee < s o
Suppose Ay happens. Using Claim 12 with j =0,1,...,d — 1, we

J
I | ) all the

have, with probability at least 1 — Z?:l exp ( ~ TN

events B}(, el BZ hold, which implies

T k3 e MLBL <k +1]

< ﬁ(Tk 1+ Zperiye.ore 13 € MY by < k+ 1])
< ﬁ(Tk A+ (T = Tie) - mv;v)

T;
(since T4; = (BNV)T}) < _V + (1 - T:)SN;V < ﬁ.

Thus A, holds. O

Using an induction from k = 0,1,... to ol — 4, we get, with

. T |
probability at least 1—exp (- 24NV) ZZ 04 ZJ Lexp (- m)
all events Ag, Ay, ..., Ay1_3 hold. By bounding the summation

1 T/ ;
Z:B‘l Zj.lzl exp (- %) using the definition of I'/, we obtain:

COROLLARY 13. Pr[A, 3] > 1 - exp( - zfﬁ) - 2eXp( -
Ty
1152N2V2 )*

4.3 Eliminating o' — 2

In this subsection, we continue partitioning the time horizon after
T,1_s, all the way to infinity, to show two points: (1) the frequency
of bids in {0,1,...,0! = 3} from bidders in M! approaches 0; (2)
the frequency of ! — 2 also approaches 0. Again let ¢ = 1 + W
Let TO = T,i_5, TF* = Tk, TM1 = [Tk 4+ 1, 7M1,k > 0. Let
8¢ = ()3, > 0. For each k > 0, define

FT(f— k4NV Z 557" +Z |M1|V kQYT,

and

kl 1 1 —1
Tk = +Z = s(ST +Z |M |VcckstTj-

’Tj

1 ; -
CLAIM~14. FT‘5<+1 < FTuk < g foreveryk > 0 andlimy_, FT‘;C =
limg 00 Fre =0.

Proor skeTcH. The claim is a direct corollary from the fact that
5;—)0andy;—>0ast—>00,andthatTak—>ooask—>0. O

LEMMA 15. Suppose |M'| > 2. Let T;, be any suﬁ‘ictently large
constant. Let Ak be the event that for all s < k, T5 22 I RIS

Ml,b; <ol -3] < Frs. Then, Pr[A];] > 1-exp (—
T T 1

Zexp (_ 11521€IZV2) ~2exp (_( TsanEvE) )

Moreover, if|M1| > 3, we can add the following event to AX: for all

s <k, TSZ I I[3i e M, b’ <ol - 2] <fT;.

T_ -
24NV

The proof is similar to that of Lemma 11 except that we use Claim 9
to argue that bidders bid o' — 2 with low frequency.

Proof of Theorem 4. Suppose |[M!| > 3. We note that the event

A"; implies that for any time ¢ € Fk = [Tk_1 +1, Tk]
1yt IFie M\ bl <ol -2] <1 Z“]I[EzeMlb’ ol —2]
= (since ¢ > %T‘f) _
< T4 Frx < cFr. (6)

We note that A];*l 2 A];, so by Lemma 15 with probability at least

o . T; T
Pr[ne AK] = limy_ Pr[AK] > 1-exp (—W)—z exp (_m)_

2 exp (—(HSZTW) %) all events Ag, Aé, o A];, ... happen. Then,
according to (6) and Claim 14, we have

1 d
lim n I[3i € M, bl

<o!'-2] < lim cFTk =0.
t—oo k—o0 a

s=1
Letting T, — oo proves the first result of the theorem. The sec-
ond result follows from the observation that, when % Yo IEFie
ML, bé <ol - 2] < ﬁ, all bidders in M! will choose bids in
{0,1,...,0' =2} with probability at most (v — 1)yz41 in round ¢+ 1
according to Claim 8 and 9, and that (0! —1)y;47 — Oast — co. O

5 EXPERIMENTAL RESULTS

Code for the experiments can be found at https://github.com/tao-
/FPA-mean-based.

5.1 |M!| = 2: Convergence to Two Equilibria

For the case of [M!| = 2, we showed in Theorem 5 that any mean-
based algorithm must converge to one of the two equilibria where
the two players in M! bid 0! —1 or 0! — 2. One may wonder whether
there is a theoretical guarantee of which equilibrium will be ob-
tained. We give experimental results to show that, in fact, both
equilibria can be obtained under a same randomized mean-based
algorithm in different runs. We demonstrate this by the ¢;-Greedy
algorithm (defined in Example 2). Interestingly, under the same
setting, the MWU algorithm always converges to the equilibrium
of ol — 1.

In the experiment, we let n = [M!| = 2,0 =02 =V = 4.


https://github.com/tao-l/FPA-mean-based
https://github.com/tao-l/FPA-mean-based
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Figure 1: [M!| = 2, ¢-Greedy, v! = 0! = 4, converging to
0! -2 = 2. The four curves in each plot show (a) (b) the changes
of frequencies of bids 0, 1, 2, 3 and (c) (d) the changes of mixed
strategies, in one simulation. The frequency of 2 approaches
1. The two regions show the [10%, 90%]-confidence intervals
of the corresponding curves (the upper is for bid 2, the lower
is for bid 3), among all simulations that converge to o' — 2.

et-Greedy converges to two equilibria. We run ¢;-Greedy with
& = \/1_/t for 1000 times. In each time, we run it for T = 2000
rounds. After it finishes, we use the frequency of bids from bidder
1 to determine which equilibrium the algorithm will converge to:
if the frequency of bid 2 is above 0.9, we consider it converging
to the equilibrium of v! — 2; if the frequency of bid 3 is above 0.9,
we consider it converging to the equilibrium of o! — 1; if neither
happens, we consider it as “not converged yet”. Among the 1000
times we found 868 times of v — 2, 132 times of ! — 1, and 0 times
of “not converged yet”; namely, the probability of converging to
ol — 2 is roughly 87%.

We give two figures of the changes of bid frequencies and mixed
strategies of player 1 and 2: Figure 1 is for the case of converging to
ol — 2; Figure 2 is for v! — 1. The x-axis is round number ¢ and the
y-axis is the frequency % 2:1 I[bL = b] of each bid b € {0,1,2,3}
or the mixed strategy xi = (x;(O), xf(l), x;(Z),xi(S)). For clarity,
we only show the first 500 rounds.

MWU always converges tov! — 1. We run MWU with &, = \/l_/t
Same as the previous experiment, we run the algorithm for 1000
times and count how many times the algorithm converges to the
equilibrium of o' — 2 and to »! — 1. We found that, in all 1000
times, MWU converged to o' — 1. Figure 3 shows the changes of
bid frequencies and mixed strategies of both players.

player 1's bid frequency, Greedy, eps = 1/Yt,v= [4 4], 103

player 2's bid frequency, Greedy, eps = 1//t, v=[4 4],t03

01,09 intorvalof 2
(01,09 intorvalof 3

0 s 10 150 20 20 00 30 40 450 50 0 50 100 150 20 20 00 30 400 450 50

(a) Player 1’s bid frequency (b) Player 2’s bid frequency

player 1's mixed strategy, Greedy, eps = 1/¥t,v=[4 4], 103 player 2's mixed stratogy, Groedy, eps = 1/Vt,v=[4 4], to3

——3
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(c) Player 1’s mixed strategy

(d) Player 2’s mixed strategy
Figure 2: [M!| = 2, &-Greedy, v! = 0! = 4, converging to
0! —1 = 3. The four curves in each plot show (a) (b) the changes
of frequencies of bids 0, 1, 2,3 and (c) (d) the changes of mixed
strategies, in one simulation. The frequency of 3 approaches
1. The two regions show the [10%, 90%]-confidence intervals
of the corresponding curves (the upper is for bid 3, the lower
is for bid 2), among all simulations that converge to o' — 1.

5.2 |M!'| = 1: Non-Convergence

For the case of |[M!| = 1 we showed that not all mean-based algo-
rithms can converge to equilibrium, using the example of Follow
the Leader (Example 7). Here we experimentally demonstrate that
such non-convergence phenomena can also happen with more nat-
ural (and even no-regret) mean-based algorithms like ¢-Greedy and
MWwWU.

In the experiment we let n = 2, v! = 8,0 = 6. We run &-Greedy
and MWU both with & = 1/+/# for T = 20000 rounds.

For ¢;-Greedy, Figure 4 shows that the two bidders do not con-
verge to a pure-strategy equilibrium, either in time-average or
last-iterate. According to Proposition 3, a pure-strategy equilibrium
must have bidder 1 bidding v? = 6 and bidder 2 bidding v? — 1 = 5.
But figure (b) shows that bidder 2’s frequency of bidding 5 does
not converge to 1. The frequency oscillates and we do not know
whether it will stabilize at some limit less than 1. Looking closer,
we see that bidder 2 constantly switches between bids 5 and 3,
and bidder 1 switches between 5 and 6. Intuitively, this is because:
in the &;-Greedy algorithm, when bidder 1 bids v? = 6 with high
probability, she also sometimes (with probability ¢;) chooses bids
uniformly at random, in which case the best response for bidder 2
is to bid v2 /2 = 3; but after bidder 2 switches to 3, bidder 1 will find
it beneficial to lower her bid from 6 to 5; then, bidder 2 will switch
to 5 to compete with bidder 1, winning the item with probability
1/2; but then bidder 1 will increase to 6 to outbid bidder 2; ... They
hence enter a cycle.
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Figure 3: [M!| = 2, MWU, 0! = v! = 4, converging to 0! — 1 =
3. The four curves in each plot show (a) (b) the changes of
frequencies of bids 0, 1, 2,3 and (c) (d) the changes of mixed
strategies, in one simulation. The frequency of 3 approaches
1. The two regions show the [10%, 90%]-confidence intervals
of the corresponding curves (the upper is for bid 3, the lower
is for bid 2), among 1000 simulations.
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Figure 4: [M!| = 1, &-Greedy, 0! = 8,0° = 6. The curves
shown are results from one simulation. The region around
the curves in (a) (b) are [10%, 90%]-confidence intervals of the
curves among 100 simulations.
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Figure 5: M| =1, MWU, 0! = 8,02 = 6. The curves shown are
results from one simulation. The region around the curves
are [10%, 90%]-confidence intervals of the curves among 100
simulations.

For MWU, Figure 5 shows that: bidder 1’s bid frequency (a) and
mixed strategy (c) seem to converge to bidding v® = 6; but bidder 2’s
bid frequency (b) and mixed strategy (d) do not seem to converge.

6 CONCLUSIONS AND FUTURE DIRECTIONS

In this work we show that, in repeated fixed-value first price auc-
tions, mean-based learning bidders converge to a Nash equilibrium
in the presence of competition, in the sense that at least two bid-
ders share the highest value. Without competition, we give non-
convergence examples using mean-based algorithms that are not
necessarily no-regret. Understanding the convergence property of
no-regret algorithms in the absence of competition is a natural
and interesting future direction. In fact, [33] shows that some non-
mean-based no-regret algorithms do not converge. It is hence open
to prove (non-)convergence for mean-based no-regret algorithms.

The convergence result we give is in the limit sense. [46] notes
that many no-regret algorithms actually need an exponential time to
converge to Nash equilibrium in some iterative-dominance-solvable
game. Our theoretical analysis for the first price auction demon-
stratesa T = O(co(z’l)) upper bound on the convergence time for
the case of |M!| = 3. But the convergence time in experiments is
significantly shorter. The exact convergence rate remains open.

Analyzing repeated first price auctions where bidders have time-
varying values is also a natural, yet possibly challenging, future
direction.
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A MISSING PROOFS FROM SECTION 3
A.1 Proof of Theorem 5

Suppose |M!| = 2. We will prove that, for any sufficiently large integer T}, with probability at least 1 — exp (- zfﬁ) —2exp(— 11527—%) -

6 (48NV \3e/4
= (557

, one of following two events must happen:
o lim/e0 1 21, I[Vi € ML, bL =0t — 2] = 1;
o lim; oo 2 X1 I[Vi € MY, bl =0 — 1] = 1 and lim/ e Pr[bl = 0! — 1] = 1.
Andifn > 3 and v® = 0! — 1, only the second event happens. Letting Tj, — co proves Theorem 5.

We reuse the argument in Section 4.2. Assume v! > 3.8 Recall that we defined ¢ = 1+ ﬁ d = [log.(8NV)T; Ty is any integer such that
_ T ;
Y1, < W and exp (—1522%) < 3Ty =12NVT,; Ty 3 = ¢@' 34T We defined Ayi_g to be the event # t31173 I[3i e ML bL <
v!l-3 -

1

v =3] < ﬁ. According to Corollary 13, A,1_3 holds with probability at least 1 — exp (—MT%) —2exp (— ) Suppose A,1_3 holds.

T
1152N2V?2
Now we partition the time horizon after T,1_5 as follows: let TO =T,_s, Tk C(k + 24NV)2 Yk > 0, where C = W’ so that

= C(0 + 24NV)2. Denote [¥*! = [Tk 4 1, T,f“], with [TA+1| = TA+1 _ Tk (We note that the notations here have different meanings than
those in Section 4.3.) We define §; = (%)1/8, t > 0. For each k > 0, we define

0 k-1 + 1
Ta 1 TS 1 TS S 1
§ |1 1 |[ YTS

s=0 a =0 a

Let AK be event
1 & 4
— DM e ML b} < o' - 3] < By

We note that A = A,1_5 because Fro = ﬁ.
In the proof we will always let T, to be sufficiently large. This implies that all the times Ty, T, _3, T2, Tf , etc., are sufficiently large.

A.1.1 Additional Notations, Claims, and Lemmas.

Cramv 16. When T, is sufficiently large,

1
° FT§” < FTak < qnv foreveryk > 0.

o limy_, o Frr = 0.
a

ProOF. Since 5T§,’ — 0 and yro = 0as T — oo, when T}, is sufficiently large we have

P T 1 +T1 T2 (5 LMV ) T 1 +T;—T,9 LN S
L-qlany T\l L) =qrany T T aNv TNy T

Since 75 and y7s are both decreasing, we have

S

k-1 1 k-1 s
T,7 =T, T =T, 1
FTf > E T—kéT; + E T—lM |V)/Ts
s=0 a s=0 a

k-1 1 k-1 7541 s
S -T3 -1 .
. O St MV = S+ MV
s=0 a s=0 a
Thus,
by deﬁnmon Tk Téﬁ'l _Tk Tk Ttic+1 _ Ttic

P 1 _—a a ___a =
FTakJ'1 Tkt FTk Tk (5T§ +IM |VyTak) < Tkt FTak + T+ FTf FTf'

8If o' = 1, Theorem 5 trivially holds. If o' = 2, we let T,1_y = To = Tp; A1 _5 holds with probability 1 since T Z “31[3i e MY, bf; < o' —3] =0; the argument for ol >3

will still apply.



Then we prove limy_,, Fri = 0. For every 0 < ¢ < ﬁ, we can find k sufficiently large such that §,x < £, and y«

1>k have 4 < 1& < £ h
> [k/e], we aveT—ésT—é_g. en
TO 1 TS+1 TS
F :_a_+ —5s+M Vyrs
=Ny T2 (6rz + IM*|Vyrs)
k-1 -1
e Ts+1_Ts Ts+1 s
S‘”Z a a Z @ (Srk + MY Vyri)
i T, T
3 s=0 Ta s=k Ta
€ 5 1
< -+2—= 4+ +| M|V
3 Té Tk | |YT’<
e € ¢
S—-+-+-=¢
3 3 3

Since Fp« is non-negative, we have lim_, o, Frx = 0.
a a

152 2 1 2_(48NV)3e/4
Cramm 17. 32 0exp( Lt |5;)smcwsm( =, ) /

PRrOOF. Recall that [[$*!| = TSH - T3, 5%5 = (%)1/8, and TS = C(s + 24NV)2. Hence,

(o)

1 4152 1 s+ 1/4
;exp (—E|Fg |6 ;) = exp E (T3 -T3) (Ts)

©»
|I

NI»—A

exp [—=C(2(s + 24NV) + 1)(;)1/4)

C(s+24NV)?

IN

+ 24NV

e L0Me ipe L8 &

exp C3/4s + 24NV 24NV)

IA

-
[
exp( weny s+24NV)(;)1/2)
-
-

exp C3/4\/_)

(e8]

=
I
)

<

S

exp (—C3/4\/;) dx
x=1

. x e ® 1 1 2
(using e* > x° for x > 0) s/x:1 (C3/4\/3_c)edx_c3e/4.e—2'

. _ T, P-DdNVT, | 12NV, _ T, .
Substituting C = (24N‘§)2 = ZANV)? > (24NV)Z = NV Proves the claim.
X 2
Fact 18. Téﬁl >1- %324NV *
ProoF. By definition,
TF  (k+24NV)?2 2(k+24NV) +1 . 2 - 2
Tk (k+24aNV+1)2  (k+24NV+1)2 ~ k+24NV+1 "~ k+24NV’

CrAIM 19. When AK holds, we have, for every t € TX*1 = [Tk 4 1, Tk+1],

t—1

ﬁZﬂ[azeMl bl <o =3] < Fpu+
s=1

1

2
S
k+2aNV ~ 2Ny M

<

—£ __
= 6MV"

For any



PrOOF. When AX holds, for every t € TK*+1,

-1
1 .
—lZﬂ[aieMl,b;sUl—ﬂ (TFk+(t—l—Tk))
t— pe t
Tk+l Tk
(smceTk<t—1<Tk+l)<F + a
Tk+l
(by Fact 18) < F« + 2
ac < —_—.
Y T " k+ 24NV
Since Fri < 7 NV by Claim 16 and y; < 3 levz by assumption, the above expression is further bounded by ﬁ + m < ﬁ + ﬁ =

1 1
SNV < aNv T 2V

[m}

LEMMA 20. For everyk > 0, Pr[AK*1 | AK] > 1 —exp (—%|F§+1|5;k).

ProoF. Given AK, according to Claim 19, it holds that for every ¢ € F,i‘“ L po ]I[Eh e MLbl <ol -3] <

— — 2y¢. Then according
to Claim 8, for any history Hy_1,

2NV

Pr[3i e M b} < o' —3| Hyy, AK] < M|V,

Let Z; = [[3i € Ml,bg < o' = 3] = IMY|Vy; and let X; = Zi—T"H Zs. We have E[Z; |H;_1,A§] < 0. Therefore, the sequence
XT;‘ 0 XT;‘ FT .,XT(;CH is a supermartingale (with respect to the seque‘;lce of history HT(;C, HT;‘

any A > 0, we have

e "HT;‘“—l)' By Azuma’s inequality, for

Pr Ak

Z Z > A

terk+

<exp|-—————|.

2IT5+
LetA = |F§+l|5Tk. Then with probability at least 1—exp (— %|F§+1|§§k), we get 3, it I[3i € M, b; <ol=3] < A+|MV 2iperka ¥t S
ITA+18 ke + MYV |TE* |y 1k, which implies

Tk+1
1 3 ;
T Z I[3i e M, b} < o' —3]
t=1
kH(Zﬂ[al e ML bl <ol —3]+ Z I[3i e M, b} < o' —3]
Ta =1 tEFk+1
Tk+1 (Tk | asi e v |V|1“k+1|ka)

(by definition) = Frr
and thus AK*1 holds. o

Denote by fti (b) the frequency of bid b in the first ¢ rounds for bidder i:
. 1< .
fi) = ;;ubz =b].

Let fi(0:01 =3) =1 3! 1[bl <ol -3].

Cram 21. Ifthe history Hy_1 satlsﬁesft l(u -1) > 2(X +Vy;) and 75 Zt 1]1[31 € MY, bl < o' —3] < X for some X € [0,1], then we
havePr[b; =0l — 2| Hy_1] < y; for the otheri’ # i € M!.

Proor. Consider af_l (v! = 1) and afl_l (0! = 2). On the one hand,

@ 0 -1 =1x (1 f (' 1)+ % X fl (0 —1)=1- %f;‘,l(ul ~1). 7



On the other hand, since having more bidders with bids no larger than v! — 2 only decreases the utility of a bidder who bids o! — 2, we can
upper bound “5—1 (0! = 2) by

al [ =2)<2xfl (00l =3)+1x(1-fL (0" 1) = fL,(0:0" —3))
=1-fL, @ -1+ f,(0:0" -3)

<1-fL ' -1)+X, (®)
where the last inequality holds because fti—1(0 ol —3) < = Z' 1]1[31 € M1, bl < o' — 3] < X. Combining (7) and (8), we get
, . 1 . . 1 .
a0 -1 —al (o' -2) > (1- S - (= fl +X) = 5f;_l(al 1) =X > Vyp.
This implies Pr[bi' =o' = 2| Hy—1] < y: according to the mean-based property. O

A.1.2  Proof of the General Case. We consider k = 0,1, .. . to co. For each k, we suppose A%, AL, .. .,A’aC hold, which happens with probability
at least 1 — Zk o exp (- |1"§Jr1 |(523) according to Lemma 20, given that A2 = A,1_ already held. The proof is divided into two cases based

onfTik(v -1).

Case 1: Forallk > 0, fT’k (vl -1) < 16(Fpk + + Vypk) for bothi € M.

2
k+24NV
We argue that the two bidders in M! converge to playing o' — 2 in this case.

According to Lemma 20, all events Ag, Aé, .. ,AI;, ... happen with probability at least 1 — ZZ":O exp (_% |r§+1 |5§k)_ Claim 19 and Claim 16
then imply that, for both i € M?,

2
1 0:0°-3)< 1 — | =
Jim (00" ~3) Im(Tk+k+24NV)

Because for every t € TK*! = [TF + 1, TF*1] we have fi(o! - 1) <

Tk+1 . Tk+1 . . .
< T{f(v1 -1) < ;ak lea’f(Ul -1) < Zle‘f(v1 — 1) and by condition

Tk(v —1) —> 0 as k — oo, we have

Jim fl' -1)=0.
Therefore,
Jlim fiw' -2) = Jlim 1-fi0:0! =3) - fi' = 1) = 1,

which implies
1 &
lim -~ Y I[Vie ML,bl =0l —2] = 1.

t—oo t
s=1

Case 2: There exists k > 0 such thatf’ (v'=1) > 16(FT +Vypk) for somei € M.

¢+ TrENT
If this case happens, we argue that the two bidders in M! converge to playing o' — 1.
We first prove that, after £ = k + 24NV periods (i.e., at time Tf”), the frequency of v — 1 for both bidders in M! is greater than

4(FTak+z + m + VYTak-H’), with high probability.

+ Vka) holds. Then, with probability

LEMMA 22. Suppose that, at time Tf, A]; holds and for some i € M, lef(01 -1) > 16(FT‘1; + k+24NV

at least 1 -2 Zf;iil exp (—% |1“‘{Jr1 |5;j), the following events happen at time T+, where ¢ = k + 24NV :
° A§+f;
o Forbothi € M', fl, (0! = 1) > 4(Fppec + Trpemny + Vigke)-
Proor. We prove by an induction from j = k to k + £ — 1. Given Aé, A{;rl happens with probability at least 1 — exp (—% |l“C{Jr1 |5§ j)

according to Lemma 20. Hence, with probability at least 1 — Zk” Lexp (—%|F‘{+1 |5i j), all events AI;,A];“, .. .,Alé” happen.



Tk Tk TF  (k+24NV)?

. J+1 ‘e 15 =1
Now we consider the second event. For all t € T; ", noticing that 4 > 7 > T = Qa(kr2anv)yz — 30 Ve have

. Tk 1 .
1 a 1 1
fis (0 —1) = Pt T}(U -1 = Zfrlg(“ -1)
. 2
(by COndlthIl) > 4(FT‘§ + m + V)/th) (9)
2
(FTf and Yk are decreasing in k) > 4(FTaj + m + VyT_a,-).

According to Claim 19, given A{; we have % Zi;% I[3i € MLB. < ol —3] < Frj+ W < ﬁ — 2y;. Using Claim 21 with
X = FT; + M%’ we have, for bidder i’ # i,i’ € M!, Pr[bi/ =0l -2 | H_1] < y;. By Claim 8, Pr[bi/ <ol =3 | Hiq] £ (V=D

Combining the two, we get
Pr[bfj =ol—1|Hiq] 21— Vyr.

Let A = |l"f+1|5Tk. Similar to the proof of Lemma 20, we can use Azuma’s inequality to argue that, with probability at least 1 —
11k :
exp(—3|T, +1 |5§§), it holds that
DA =0t =1l 2 Y (1=Vi=8py) 2 TN - Vg - 6.
ters! ters!
An induction shows that, with probability at least 1 — Z’;:,f;—l exp (—%|r‘{+1 |5;j)) Zter‘{“ ]I[bg ol 1] > |1"({+1|(1 3 V)’Té' _ (STaj) holds for

all j € {k,...,k+ ¢ - 1}. Therefore,

. 1 -
L@ =1 > —— o+ > I[b) =o' —1]
¢ Ta terk+iy...urk+t
1 k+1 k+t
> (T = Vygge = 8700 + -+ 4 [T = Vot = 7))
L k k
> e ((RE? o I - (= Ve = 30
a
Tt -1
= e TV on)

4(k + 24NV)?% — (k + 24NV)?
4(k + 24NV)2 (1= Vg = ogg)

3
= Z(l - VYTak - 57‘{5)
(assuming Ty is large enough)
>

2
FY ) E— e
(Tf" (k+10) +2aNV VT

This proves the claim for i’ € M'. The claim for i € M follows from (9) and the fact that Fri and yr« are decreasing in k. O

We denote by ko = k + ¢ the time period at which fTiko (' -1) > 4(FT1<0 + m + V)/Tk(,) for both i € M!. We continuing the analysis

for each period k > ko. Define sequence (GT§):

Tko 9 k=1 ps+1 TS
GTak - Lk -4 FTkO + m +V)/Tk0) + Z a—ka(l - V)/Tas — 57‘;)’ for k > k(),
Ty a 0 @ s=ko Ta

where we recall that §; = (%)1/8. We note that fTik0 (v'=1) > GTfO = 4(FTakO + W% + Vny")'
a

Cramv 23. When Ty, is sufficiently large,
2
. GT';C > 4(FTf° + Nyt VyT:O) for every k > ko.
o limy_,o, Gy = 1.
Proor. Since 1 — Vyrs — 675 — 1as Tj, — oo, for sufficiently large Tj, we have 1 — Vyrs — o135 > 4(FT50 + m + VnyO) and hence

2
GTf > 4(FT§0 + For 24NV + V}’Tako).



Now we prove limg_,q, GTk = 1. Consider the second term in GTk, Zk ! T Te Ta (1= Vyrs — 0rs). Since

s s ) ki 2(s+24NV) +1 _ (k+\/E+48NV)(k—\/%) N

= 1
k k+24NV)? k+24NV)?
v > ( ) ( )
s+1_7Ts
and 1 = Vypx — 8 — 1as k — oo, for any ¢ > 0 we can always find K > ko such that Zk_\l/E T"T—kT“ > 1—¢/2 for every k > K and
a a s= a
1-Vyrs —6rs 2 1—¢/2forevery s > Vk. Hence,
k-1 TS+1 —_TS
Gpe > D 4 (1-Vypy = 8p5) = (1-¢/2)(1-¢/2) > 1- ¢,
s=Vk a
In addition, Gy« < 1 when T, is sufficiently large. Therefore limg_, o, Gx = 1. O

LEMMA 24. Fix any k. Suppose A]; holds and f« (o'-1) > Grr holds for both i € M. Then, the following four events happen with probability
at least 1 — 3 exp (—%|F§+1|5§k):
° A§+1,’
. le’f“ (0! -1) > Grin holds for bothi € MY
. fl(v -1)>(1- k+24NV)GTk holds for both i € M*, for anyt € Ti+L,
. xt(v -1) = Pr[b; =0l =1 | Hy1] = 1= Vy; forbothi € MY, foranyt € F;C“.

PrOOF. By Lemma 20, AK*! holds with probability at least 1 — exp (—% |Tk+1) 52 k). Now we consider the second event. For every t € TK+1,
Ta

we have
. . Tk .
1 13 a 1
ft71(0 — l) > Wf'r{f (U - 1)
a
TX

(by condition) > W T
a

\%

2
by Fact 18 1-——|G 10
(by Fact 1) ( k+24NV) Td (10
1
ZEGTf

2
(by Claim 23) > 2 Tk +o———=+Vyp|.
k+24NV a

In addition, according to Claim 19 A implies

t—1
1 ; 2 1
—— D IZie ML b <0 = 3] < Frao+ ——— < —— — 2.
t—l; (i s <o =3l Tkv2aNy S ony M
Using Claim 21 with X = FTj+k+2421NV’We getPr[bi =0'-2 | Hi—1] < y;. Additionally, by Claim 8 we have Pr[b‘ o'=3 | Hi—1] < (V=-Dyr.

Therefore,
Pr[bl =o' =1 | Hi—1] > 1-Vy,. (11)

Using Azuma’s inequality with A = |1"§Jrl |61, we have with probability at least 1 — exp(— |l"k+1 |52 k)
Dabi =0l =1 > Y (1= Vyr =8 = [TE(1 = Vg = 8p).
terk+ terk+
It follows that
(01— 1) > Tk+1 (TkGTk + [T (1= Vg - Tak)) =G
by definition.
Using a union bound, the first event Alé“ and the second event that fT"kJr1 (!l -1) > Grks1 holds for both i € M I happen with probability

atleast 1 -3 eXp(—% |1"£C+1 |5§k). The third event is given by (10) and the forth event is given by (11). O



We use Lemma 24 from k to oo; from its third and fourth events, combined with Claim 23, we get

. 2 .
: i1 _ : . — : i_
tll)ngoﬁ ©-1= kh—>n:o (1 k+ 24NV) Grg = 1and tll)ngoxt Lot

which happens with probability at least 1 —3 31> | exp(—% |I“,£c+1 |5§§). This concludes the analysis for Case 2.

Combining Case 1 and Case 2, we have that either liml«AHOO % 22:1 I[Vi € MY, b} = 0! — 2] = 1 happens or lim; e % 22:1 I[Vi e ML, b =
o' —1] = 1 happens (in which case we also have lim;_,co X! = 1,1_;) with overall probability at least 1 —exp (- zfﬁ) —2exp (- 115;—%) -
3 Zl?:o exp(—% |I“£c+1 |5§k). Using Claim 17 concludes the proof.

A.1.3  The special case of 03 = vl - 1.

CLAIM 25. Givenff(vl -2)>1- m foralli € M', we have Pr[b? =0l =2 | Hy_1] 2 1= Vy,.
PROOF. Ifft"(v1 -2)>1-¢¢= m, for all i € M then the frequency of the maximum bid to be v! — 2 is at least 1 — 2¢, which implies
1
a?71(01 -2) > ZN(l — 2¢).

For any b < 0! -3,
a?fl(b) < Ve

Since y; < lew < NLV, we have a?_l(vl -2) - af_l (b) = 2#(1 — 2¢) — 2Ve > Vy;, which implies, according to mean-based property,

Pr[b?zvl—Z] >1-Vy. O

Cram 26. If history Hy—1 satisfies f;_l (vl -2) > % forie M! andf;_l(vl -2) > 2, then Pr[bf_

10° =0l -2 | H-1] < vt

1

PROOF. Ifft"_l(vl -2) > % for i € M! and ft3_1(01 -2) > %, then we have

5

1 = 1 4
— M I[{ieM :bl=0l-2}|>2]21-2x ===
H;nw s=ol -2} 2 2] 5=z

s l
Pl (0:0'=3)<1-f2 (01 -2) < o

Recall that Pf(k) = % §=1 I[max j; bg =k]. By Pf(O : k) we mean thf:o P; (£). And we can calculate
a0 - 1) ~al_ (0! ~2)

-1

i’ 1 1 i 2

2 P (0 =) X (5 =0+ = D Il MY bl =o'~ 2} 2 2] x (1-3)
s=1

+P (0:0' =3)x (1-2)

1 4 1 1
>04-X-——=-
35 10 6
> V)/t,
which implies Pr[bill =o' =2 | Hy_1] < y; according to mean-based property. O

We only provide a proof sketch here; the formal proof is complicated but similar to the above proof for Case 2 and hence omitted. We
prove by contradiction. Suppose Case 1 happens, that is, at each time step T§ the frequency of o — 1 for both bidders i € MY, fI_(o! - 1), is
Ta

upper bounded by the threshold 16(Fr« + m + Vyr«), which approaches 0 as k — co. Assuming Al .,AI,; happen (which happens

with high probability), the frequency of 0 : 0! — 3 is also low. Thus, f;(v! — 2) must be close to 1. Then, according to Claim 25, bidder 3
will bid 0! — 2 with high probability. Using Azuma’s inequality, with high probability, the frequency of bidder 3 bidding v! — 2 in all future
periods will be approximately 1, which increases ft3 (0! = 2) to be close to 1 after several periods. Then, according Claim 26, bidder i € M!
will switch to bid v! — 1. After several periods, the frequency f: 7{ i (0! = 1) will exceed 16(FT{£< + m + VYTa’f) and thus satisfy Case 2. This

leads to a contradiction.



A.2 Proof of Proposition 6

We consider a simple case where there are only two bidders with the same type 0! = v = 3. Let V = 3. The set of possible bids is
B! = 82 = {0,1,2}. Denote fti(b) = % Zt_ I[b: = b] the frequency of bidder i’s bid in the first ¢ rounds.

@

Cram 27. Fori € {1,2}, ai(l) - a;(Z) f[3 i) - and at(l) at(O) ft3 i)+ L= f’

PrRoOF. We can express ai(b) using the frequencies as the following.

) 31371 (0)
a0y = 210,
i1y _ £3—i 3oy _ 3—i 3—i oy,
o (D) = f7 () +2f77(0) =1+ f775(0) = f7 5 (2);
3—-i
a2y =12 ( @ i),
Then the claim follows from direct calculation. O

We construct a y;-mean-based algorithm Alg (Algorithm 1) with y; = O(== i ) such that, with constant probability, lim; e fti (1) =1but

in infinitely many rounds the mixed strategy xt = 13. The key idea is that, when ai(l) - a£(2) is positive but lower than Vy; in some round
t (which happens infinitely often), we let the algorithm bid 2 with certainty in round ¢ + 1. This does not violate the mean-based property.

Algorithm 1 A mean-based bidding algorithm

1/3
Require: Ty > 640 such that exp ( - %) < %.
1: fort=1,2,...do
2 iftSTO—TOZ/?’then
3 Bid bt =1.
4 elseifTo—TOZ/3+1StSTothen
5 Bid bt =0
6: else
7 Find k such that 32KTy + 1 < t < 32K+1Ty,
8 if t = 32K +1, argmax, a;—1(b) = 1, and aj_l(l) - “£—1(2) < Vy: then
9

Bid by = 2.
10: else
11 Bid b; = argmaxy¢ (o 1 2y as-1(b) (break ties arbitrarily) with probability 1 - 1/ 3 and 0 with probability T, 1/ 3
12: end if
132 endif
14: end for

We note that this algorithm has no randomness in the first Ty rounds. It bids 1 in the first T — TO2 /3 rounds and bid 0 in the remaining
TOZ/3 rounds. Define round Ty = 32KTy fork > 0. Lety; = 1for1 <t < Ty and y; = Tk_l/4 =0(t™ %) for t € [Ty + 1, Tysq] and all k > 0.

Cram 28. Algorithm 1 is a y;-mean-based algorithm with y; = O(t~ 1/4).

Proor. We only need to verify the mean-based property in round t > Ty + 1 since y; = 1 for t < Ty. The proof follows by the definition
and is straightforward: If the condition in Line 8 holds, where argmax;, a;—1(b) = 1 and ai_l(l) - ai_l(Z) < Vy;, then the mean-based
property does not apply to bids 1 and 2 and the algorithm bids 0 with probability 0 < y;. Otherwise, according to Line 11, the algorithm bids
b’ ¢ argmax,, a;—1(b) with probability at most Tk_+11/ <y o

1 1

For k > 0, denote Ay the event that for both i € {1, 2}, it holds that T, * < fTik(o) < 2T, and fTik(z) = Tik Since both bidders submit
deterministic bids in the first Ty rounds, it is easy to check that Ay holds probability 1.

The following two claims show that if Ag, Ay, ... all happen, then the dynamics time-average converges to 1 while in the meantime, both
of the bidders bid 2 at round T + 1 for all k > 0.

Cramm 29. If Ay happens, then both of the bidders bid 2 in round T + 1.

ProOF. According to Claim 27, we know that for any i € {1, 2} and any ¢t > Ty,

‘ ; A 3-i (0
a1 (D) - a0 = 5 () + ft%() > 0.



Thus argmaxb{aci_1 (b)} # 0 for any history H;—1. Again by Claim 27, we have for any i € {1, 2}.

3-i
0< Tk_% - Tﬁk < a;k(l) - agk(z) = fﬁk‘i(o) - T"z ? < ﬁk"'(o) < Asz_f1 < 3le1 = 3yL41-
It follows by the definition of Algorithm 1 that both bidders bid 2 in round Ty + 1. O
Cramm 30. Foranyk > 0 andi € {1,2}, if Agy; holds, then £ (1) > 1 - 64Tk_j1 - % holds for any t € [Ty, Tyy1]-
Proor. Let Ay, q holds. Then
b e 02 00, 1O
[m]

. _1 . . . .

which implies that le"k (0) < 64Tk+31. Similarly, we have f}(2) < % The claim follows by f (1) = 1 - f}(0) — £} (2).

We now bound the probability of Ay, given the fact that Ay happens, which is used later to derive a constant lower bound on the
probability that Ay happens for all k > 0.

Cram 31. Foranyk > 0,

Tk%
1
Pr[Agi1 | Akl =1 —4exp —90+0
Proor. Suppose that Ay happens. We know from Claim 29 that both bidders bid 2 in round Tj + 1. The following claim shows the
behaviour of the algorithm in rounds [T + 2, Tiyq]-
Cramv 32. Foranyi € {1,2} and anyt € [Ty + 2, Try1],
. _1
Pr(b; =1|Ax]=1- ..
. _1
Pr[b; =0 | Ag] = T

PRroOF. According to the definition of Algorithm 1, it suffices to prove that for any ¢t € [T + 2, T.,¢] and i € {1, 2}, argmaxb{oc;_1 b)}r=1

Eene)
el 5 0,Vie {1, 2}. Suppose the

holds.
. . . P . i i -
We prove it by induction. For the base case, it is easy to verify that a’Tk - a’Tk a2 = T 5 (0) = =5
claim holds for all of the rounds [T} + 2, t]. Then none of the bidders bids 2 in rounds [T + 2, ¢]. It follows that for any i € {1, 2},
. . . f3_i (2)
a;(1) = a;(2) = £77(0) - =
B0 g
= 32 2T,
1 k+1
s T
3 k
?}27‘](3

3
> 0 (since Ty > 642).

Therefore argmaxb{oti_1 (b)} = 1. This completes the induction step.

k+1

From the above proof we can also conclude that for i € {1, 2}, fT’k 1(2) = Ty
+ +
Note that the bidding strategies of a bidder at different rounds in [Ty + 2, T, ;] are independent. According to Chernoff bound, we have

fori e {1,2},
29Ty - T —1 &4 ; 31 Ty — T — 1 Tipr = T — 1
Prl——————— < Z 1[b§=0]£—+ Ap| 2 1-2exp| ———
30 5 “Tov2 30 3 4507
k+1 $=k k+1 k+1
%
>1-2exp 2%

900



1

T 3
Therefore, with probability at least 1 — 4 exp (— ) ) both of the above event happens. It implies that for i € {1, 2}

. 1 .
1 1
B © 2 5| T 0+

29T — T -1
30 1
Tk+1

1 Tk+29Tk+1—Tk—l

>
- Tt % 30 %
Tk Tk+1
323 29
2 1 + 1
3 3
32Tk+l 32Tk+1
1
>
2 —
3
Tk+1
and
A 1 ; 31 Ty — T — 1
i i 21 fk+1 k
a0 % 7 | B O+ 7
k+1
1 2T, 31T, -T -1
< T _1k + % %
k+1 3 3
Tk Tk+1
2x325 31
S 1 + 1
3 3
32Tk+1 30Tk+1
2
<
=71
3
Tk+1
Therefore, Ag,; holds. This completes the proof. O

Using a union bound, we have

Pr[Vk > 0, A; holds] > Pr[A] ]_[ Pr[Ap,; | Al

k=0
1
[ TS
J
>1-4 € -
Z P 900
Jj=1
1
> T33/
>1-4 exp| —
Z p( 900
Jj=1
1 1 .
T3 ad T3(3/ -3)
0 0
=1—-4dexp|—— |1+ -
P 30 Zexp 900
j=2
1
TO3
>1-8exp|———
P 300

>

N =

Therefore, with probability at least % the dynamics time-average converges to the equilibrium of 1, while both bidders’ mixed strategies do
not converge in the last-iterate sense. This completes the proof.



A.3 Proof of Example 7

We only need to verify that the 0-mean-based property is satisfied for player 1 because players 2 and 3 always get zero utility no matter what
they bid. Let g; denote the fraction of the first t rounds where one of players 2 and 3 bids 6 (in the other 1 — g; fraction of rounds both
players 2 and 3 bid 1); clearly, q; > % for any t > 1. For player 1, at each round t her average utility by bidding 7 is a;_1(7) =10-7=3;by
bidding 6, & | (6) = (10— 6)(3qi—1 + (1 — qz—1)) = 4(1 — L) < § < 3; by bidding 2, a! | (2) = (10 - 2)(1 — q¢—1) < § < 3; and clearly
0{}_1 (b) < 3 for any other bid. Hence, 7 = argmax;,¢ g1 {ortl_1 (b)}.

B MISSING PROOFS FROM SECTION 4
B.1 Proof of Claim 9

Let [ = {s <t —1|3i € M!, b} < 0! — 3}. It follows that the premise of the claim becomes % < ﬁ First, note that
. 1 =1 .
P;_l(0101—3)=: I[[ _/axbé Sﬂl—3]
i'#i
s=1
-1
1 ; T 1
< — I[[ElieMl,bQSUI—ﬂ:LS—. (12)
t-14 t—1~ 3NV

Then, according to (4),
af_l(vl -1) - ai_l(vl -2)
=Q_ (' -1)+P_ (o' -2)-20! (v} -2)-P!_ (0:0! -3). (13)

Using Qi_l(ol -1) > %Pi_l (v! = 1) and Qi_l(u1 -2) < %P;_l (0! = 2) from (3), we can lower bound (13) by
1 . )
bl =) =205t
With (12), we get
1
3NV’
If %P;_l(vl - 1) - ﬁ > Vy;, then oz;_l(z)1 -1) - a;_l(vl —2) > Vy;. Therefore, Pr[b; = o' =2 | Hi—1] < yr.

Suppose ﬁPLl(vl -1) - ﬁ < Vy:, which is equivalent to

. ) 1.
a (' -1 -a_ (' -2)> NP;—1(01 -1) -

. 1
Pl (v'-=1) < — + NVy;.
[_1(0 )_3V Ye

Consider Q£—1 (v! - 2). By the definition of T, in all rounds s ¢ T and s < ¢ — 1, we have that all bidders in M! bid v — 2 or o — 1. If bidder i

wins with bid o1 — 2 in round s ¢ T, she must be tied with at least two other bidders in M! since |M1| > 3; if bidder i wins with bid o1 — 2

(tied with at least one other bidder) in round s € T, that round contributes at most % to the summation in Q,_, (0! - 2). Therefore,

1 t—-1)—|T r 1 1 |T 1 1
(=D -Ir N\ 1, 1r]

i 1
-2) < — _— .
Qi1 (@ )_t—l 3 2 3 6t—1_ 3 18NV

(14)

We then consider P;'_l(u1 — 2). Since Pi_l(O col —3)+ P;_l (! -2) + P;_l (0! = 1) = 1, and recalling that Pi_l(O col = 3) < ﬁ and
P;_l(v1 -1) < % + NVy;:, we get

- - . 1 1
Pl (o' =2)=1-P_(0:0'-3)-P_ (o' -1) 21~ v " NV (15)
Combining (13) with (12), (14), and (15), we get
0(;71(2)1 -1) - af71(01 -2)
1 1 1 1 1
>0+(1-— - — -NVyi|-2| -+ ——| - —
3NV 3V 3 18NV 3NV
1 3N+7
= - - NV}/t
3 ONV
1 13 1

3 18V 12NV
5 1 (since V>3) 1
>

“ 54 12NV 12NV
Therefore, by the mean-based property, Pr[b; =0l =2 | Hy—q] <11

(since N > 2and y; <

LI
12N2Vv2

> V)/t



B.2 Proof of Corollary 13

Using Lemma 10 and Lemma 11 from k = 0 to v1 — 4, we get

T, | At I/l
Pr [A 1 3] > Pr [AO,AI,.. A ol 3] 2 1-ex p( 24NV) Ze 1152N2V2 !
k=0 j=1

Note that |1"]£| = Tlg - T]i_l = cT]i_1 - CTIZ_Z = c|1"]i_1|, for any k € {0,1,2,...,0' —4} and j € {2,...,d}, and that |1"k1| = c|1",f_1| for any
ke{1,2...,01 —4}. We also note that |1"01| =(c-1D)Th = Tb. Thus,

1_ —
exp|l-————= |-
L £ TSNV L P\ TNy
We then upper bound the above equatlon by

b
< e
SZ Xp( 1152N2V2)
Ty - (c* -1)T,
. A— 1+ _
Xp( 1152N2V2) S;eXp( 1152N2V2

)S 1.Sincec® =12 c—1+(s—1)(c® —c),Vs > 1, we have

Il
¢

(-DT
1152N?V?2

i ( (c* - 1)Tb)
1152N2Vy2

s=1
(e=-DT, . (2 =0T, s
_ <o |-
1152N2V2 P 1152N2v2

It suffices to prove that Y37 exp (

IA

IN

(c*=c) Ty (e=1Tp

where the second inequality holds because exp —m) < exp (—m) < % by the assumption on Tp,. O

D exp

s=1
Ll -
B.3 Proof of Claim 14

Since 5T2 — 0and yro = 0as T — oo, when T}, is sufficiently large we have

_11 e-d
Ta ~ CaNv

(5 +|M1|V )<l—1 +C_1—1 <—1 =F
Ta )= CaNv T e aNv T anv T
By definition, for every k > 1

1 c—

Cc—
FE =—Fre +
T§+1 c tgc

1 1 1

(87 + M Vyge). Fre = = Fram + 5= (74m + 1M Vypga).
Using the fact that Fx < Frr-1 and that 8« + |[M 1 |Vypk is decreasing in k, we have Frim < Frr < ﬁ. Similarly, we have FTkH < FT"
for any k > 0.

Note that % — 0 and yro — Oas k — +4oo. Therefore, for any 0 < ¢ < ﬁ, we can find k sufficiently large such that ck% <£.0rs <

a 5

M

N £
and y7s < MV Then we have
k-1 k-1
— 1 c—1 1,61
< = —
Fry < Frg = e D tm + MWV v
s=0 s=0
k/2—-1 k-1
<fa2 Y LN Sl e MY )
=3 ks k/2 P s}/Tk/z
s=0 s=k/2
e, L e e
= k2 "3 Z k—s
¢ 3 s=k/2 ©
& £ £
S—+-+-=¢
3 3 3

Thus for any I > k, we have F F 1< E. Since F. Tk and F. Tk are both positive, we have limg_,, FT;‘ = limg ﬁTé‘ =0. O



B.4 Proof of Lemma 15

We use an induction to prove the following:

k
T T 1
k+1 b b s+1) 62
PrlAK*] > 1 —exp [-—2— | - 2exp [-——2— | - —STste2, ).
rlAa] eXp( 24NV) eXp( 1152N2V2) ;eXp( 2/ a)

We do not assume [M!| > 3 for the moment. The base case follows from Corollary 11 because AY is the same as A,:_3. Suppose AX happens.
Consider AX*!. For any round t € TK+1,
. t_l .
Pl (0:0'=3) < —121[31 e M\, bl < o' —3]

s=1

T* -1
(Z]I[Eli e MLl <ol =31+ > 1[Fie M, b <ol -3]

s=1

s=Tak+1

1
t—-1

k

Ta k
+(t-1-T,
A a))

1

V<77

IA

(FTé‘ <

4NV

1

k k-
(TF <t-1<TFY =
T3

IA

4NV ¢

Tk
a_ Tk+l _ T(f)

1 e<mw) 1

— —2y,.

@ =ty = 0
3NV 2NV

By Claim 8 and a similar analysis to Claim 12, for any history H;_; that satisfies AI;,

Pr[3ie M\, b} <ol =3 | H,_p, AK] < |MY|Vy,. (16)
Let Z; = I[3i € Ml,bi < ol — 3] = IMYVy; and let X; = ZZ:T"+1 Zs. We have E[Z; |A§,Ht_1] < 0. Therefore, the sequence
XT{§+1, XTak_'_z, .. "XTak“ is a supermartingale (with respect to the sequence of history HT;" HTa"+1’ ces HT';M_I). By Azuma’s inequality, for
any A > 0, we have
A2
Pr ZZtZA)A,; SeXp —T.
tEréci»l 2|ra |
Let A = [Tk+1 |5T§. Then with probability at least 1 — exp ( — %|F§+1 |5§k), we have
Z I[3i e MLb <o' 3] < A+ M|V Z v < |r§+l|5T§ + |M1|V|r§+l|m<, (17)
terk+ terk+
which implies
Té(+1
. 1 i 1
T Z I[Fie M, b, <v” —3]
a =1
Ty
_ : 140 1_ . 140 1_
= o (ZH[HI e MLbl <ol —3] + Z I[3i € M, bl < o' —3]
a t=1 tel";c-#l

1 k k k
< ey (TP + 1T 0 + I VIS
a

1 c—1 c—1
. k+1 _ ky — 1
(since T, =cT;) = CFTff +—c 5]1( +|M |V_C Y1k

(by definition) = FT,;‘“

and thus AK*! holds.
Now we suppose |[M!| > 3, then we can change (16) to

Pr[3ie ML bl <ol =2 | Hpy, AK] < MY |Vy,



because of Claim 9 and the fact that ; — Zt H3i e M1 b’ <ol -3]< 3 I\IIV. The definition of Z; is changed accordingly, and (17) becomes

Z 1[3i € MY, b} < o' = 2] < |05+ 87 + M VITE s,

terk
which implies
Takﬂ
v Z [[FieMLbl <o'-2] < Tk (T Fj +|Tk “|5Tk +|MYV|TA +1|ka) = Fria.
a =1 a

To conclude, by induction,

1
Pr[AK*1] = Pr[Ak] Pr[AK*14K] > Pr[AK] - exp (—Elfé‘“lfﬁk)

T, T, k 1
>1- -——2—]-2 -—— - =I5 82 |
eXp( 24NV) eXp( 1152N2V2) ;eXp( 2| alor;

1
As 6 = (%)5 and |T]| = cs+d("1_3)_l(c -1, T = cs+d(”1_3)To (we abuse the notation and let v! —3 = 0 if v! < 3), we have
k

1
D e (—5|r;“|525)

s=0

1]
o
o]
o
A
l\:l»—k
w»—
QU
=
ER
I
(3]
s
—~
o
|
—_
—
—
s
v
\_/
—
—
+
DM~ —
o
o]
o)
A
l\:l»—k
w»—

e340"=3) (¢ — 1) (Ty) 5 (c5 - 1)))

k
< exp( % 3d(0'=8) (o _ 1)(TO)%) (1+Zexp( % 3d(0'=3) (¢ _1)(Ty)3s(cd — 1)))
s=1
1 k 1
< exp (——c3d(” Be- 1)(70)3) ( +Z(§)s)
s=1

< 2exp (—%c%d(UI%) (c— 1)(T0)%),

where in the last but one inequality we suppose that T is large enough so that exp ( — %c%d(vl_” (c— l)(To)%s(c% -1)) < % Substituting
To =12NVTy, = Tb, =1+ W and ¢? = 8NV gives
1
k 1 3
1 8NV) (@ =3, |
Zexp(__|r;+l|5zs) ( ) — b
= 2 a 1152N2V

IN

2exp|—

1

2 |

S Zex =
P 1152N2V2

A

5

concluding the proof.
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