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ABSTRACT

In online advertising, the advertiser’s goal is usually a tradeoff be-
tween achieving high volumes and high profitability. The companies’
business units customarily address this tradeoff by maximizing the
volumes while guaranteeing a minimum Return On Investment
(ROI). This paper investigates combinatorial bandit algorithms for
the bid optimization of advertising campaigns subject to uncertain
budget and ROI constraints. We show that the problem is inapprox-
imable within any factor unless P = NP even without uncertainty,
and we provide a pseudo-polynomial-time algorithm that achieves
an optimal solution. Furthermore, we show that no online learn-
ing algorithm can violate the (budget or ROI) constraints during
the learning process a sublinear number of times while guarantee-
ing a sublinear pseudo-regret. We provide the GCBg,fe algorithm
guaranteeing w.h.p. a constant upper bound on the number of
constraints violations at the cost of a linear pseudo-regret bound.
However, a simple adaptation of GCBg,f. provides a sublinear
pseudo-regret when accepting the satisfaction of the constraints
with a fixed tolerance. Finally, we experimentally evaluate GCBg,e
in terms of pseudo-regret/constraint-violation tradeoff in settings
generated from real-world data.
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1 INTRODUCTION

Nowadays, Internet advertising is the leading advertising medium.
Notably, while the expenditure on physical ads, radio, and television
has been stable for a decade, that on Internet advertising is increas-
ing with an average ratio of 20% per year, reaching the considerable
amount of 124 billion USD in 2019 only in the US [15]. Internet
advertising has two main advantages over traditional advertising
channels. The former is to provide a precise ad targeting, and the
latter is to allow an accurate evaluation of investment performance.
On the other hand, the amount of data provided by the platforms
and the plethora of parameters to be set make its optimization
impractical without Al tools.
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The advertiser’s goal is to set bids to balance the tradeoff be-
tween achieving high volumes, maximizing the sales of the products
to advertise, and high profitability, maximizing ROI The compa-
nies’ business units need simple ways to address this tradeof, and,
usually, they maximize the volumes while constraining the ROI
to be above a threshold. The analysis of data on the auctions on
Google’s AdX by Golrezaei et al. [13] shows that many advertisers
have ROI constraints, particularly in hotel booking, e.g., on Google
Hotels. However, most of the platforms do not provide any feature
to force the satisfaction of these constraints, which are uncertain as
the revenues and costs are a priori unknown. Thus, the bidders need
to develop bidding strategies (usually referred to as safe) satisfying
these uncertain constraints during the entire learning process. In
particular, the violation of constraints in the early stages, whose
nature is almost purely explorative, can worry the bidders and be a
concrete obstacle to the adoption of algorithms in this field. Our
paper investigates bidding algorithms when ROI constraints and,
potentially, budget constraints (e.g., when the daily budget limit
cannot be set on the platform) are uncertain, providing theoretical
guarantees on pseudo-regret and safety.

Related Works. Many works study Internet advertising, both
from the publisher perspective (e.g., Vazirani et al. [29] design auc-
tions for ads allocation and pricing) and from the advertiser perspec-
tive (e.g., Feldman et al. [10] study the budget optimization problem
in search advertising). Few works deal with ROI constraints, and,
to the best of our knowledge, they only focus on the auction mech-
anisms (e.g., Szymanski and Lee [26] and Borgs et al. [4] show that
ROI-based bidding heuristics lead to cyclic behavior and reduce
the allocation’s efficiency, while Golrezaei et al. [13] propose more
efficient auctions with ROI constraints). Existing learning algo-
rithms for daily bid optimization address only budget constraints
in the restricted case in which the platform allows the advertis-
ers to set a daily budget limit (notice that some platforms such as,
e.g., TripAdvisor and Trivago, do not even allow the setting of the
daily budget limit). For instance, Zhang et al. [30] provide an offline
algorithm that exploits accurate models of the campaigns’ perfor-
mance based on low-level data, which are rarely available to the
advertisers. Nuara et al. [20] provide an online learning algorithm
that combines combinatorial multi-armed bandit techniques [6]
with regression by Gaussian Processes [23]. More recent works
also present pseudo-regret bounds [21], and study subcampaigns



interdependencies [19]. Thomaidou et al. [27] provide a genetic
algorithm for budget optimization of advertising campaigns. [9]
and [28] address the bid optimization problem in a single subcam-
paign scenario when the budget constraint is cumulative over time.

Very recent works study bandit problems with safe exploration,
in which the constraints are uncertain, and the goal is to guarantee
w.h.p. their satisfaction during the entire learning process. However,
the only known results are for continuous and convex arm spaces
and convex constraints. In such settings, the learner can achieve
the optimal solution without violating the constraints [2, 18]. Con-
versely, the case with discrete and/or non-convex arm spaces or
non-convex constraints, such as ours, is unexplored in the litera-
ture so far. Some bandit algorithms address uncertain constraints
where the goal is their satisfaction on average [5, 17]. However,
the per-round violation can be arbitrarily large, and this does not
fit with our setting, as the advertisers could be alarmed and, thus,
give up on adopting the algorithm. Several other works in the re-
inforcement learning [12, 14, 22] and multi-armed bandit [11, 25]
fields investigate safe exploration, providing safety guarantees on
the revenue provided by the algorithm, but not on the satisfaction
w.h.p. of uncertain constraints.

Original Contributions. As customary in the literature, see, e.g.,
Devanur and Kakade [8], we make the assumption of stochastic
(i.e., non-adversarial) clicks, and we adopt Gaussian Processes (GPs)
to model the problem parameters.! We show that no approxima-
tion within any strictly positive factor is possible with ROI and
budget constraints unless P = NP, even in simple instances when
all the parameter values are known. However, when dealing with
a discretized space of the bids as it happens in practice, the prob-
lem admits an exact pseudo-polynomial time algorithm based on
dynamic programming. Remarkably, we prove that, in cases be-
yond those with continuous and convex arm spaces and convex
constraints, no online learning algorithm can violate the uncer-
tain constraints a sublinear number of times while guaranteeing
a sublinear pseudo-regret (this result holds in generic bandit set-
tings with uncertain constraints beyond advertising). We show that
a sublinear pseudo-regret can be obtained by adopting the GCB
algorithm proposed by Accabi et al. [1], and we propose a novel
algorithm, called GCBg,fe, guaranteeing w.h.p. a constant upper
bound on the number of constraints’ violations. Most interestingly,
when accepting a tolerance ¥ in the satisfaction of the constraints,
a simple adaptation of GCBg,fe, namely GCBg,re (), guarantees
both the violation w.h.p. of the constraints for a constant number

of times and a sublinear pseudo-regret O (1 IT Zﬁ.\[: 1 yj,T), where T

is the time horizon of the learning process, and y; 7 is the maxi-
mum information gain of the GP used to model the j-th advertising
subcampaign. Finally, we experimentally evaluate the performance
of our algorithms, showing the tradeoff between pseudo-regret
and constraint-violation with realistic settings generated from real-
world data.

The assumption that clicks are generated stochastically is reasonable in practice
as advertising platforms can limit manipulation due to malicious bidders. For instance,
Google Ads can identify invalid clicks and exclude them from the advertisers’ spending.

2 PROBLEM FORMULATION

We are given an advertising campaign C = {Cy,...,CN}, with N €
N, where C; is the j-th subcampaign, and a finite time horizon of
T e Nrounds (each corresponding to one day in our application). In
this work, as common in the literature on ad allocation optimization,
we refer to a subcampaign as a single ad or a group of homogeneous
ads requiring to set the same bid. For each day ¢t € {1,...,T} and
for every subcampaign Cj, the advertiser needs to specify the bid
xj; € Xj, where X; C R is a finite set of bids we can set in
subcampaign C;. The goal is, for every day t € {1,...,T}, to find
the values of bids that maximize the overall cumulative expected
revenue while keeping the overall ROI above a fixed value A € R*
and the overall budget below a daily value § € R*. Formally, the
resulting constrained optimization problem at day ¢ is as follows:

N
max vjn;j(xj;) (1a)
(xL,,...,xN,,)EX1><...><XNjZ:; J A
S 0jnj(xje)
st. e (1b)
2oy ¢j(xje)
N
D) < B (10)
Jj=1

where nj(xj;) and c;(xj ;) are the expected number of clicks and
the expected cost given the bid x; ; for subcampaign Cj, respec-
tively, and v; is the value per click for subcampaign C;. Moreover,
Constraint (1b) is the ROI constraint, forcing the revenue to be at
least A times the costs, and Constraint (1c) keeps the daily spend
under a predefined overall budget f.2

In our online learning setting, n;(-) and c;(-) are unknown func-
tions that we need to estimate within the time horizon T, whereas
the available arms are the different values of the bid x;; € X; satis-
fying the combinatorial constraints of the optimization problem.3
A super-arm is a profile specifying one bid per subcampaign. A
learning policy U solving such a problem is an algorithm returning,
for each day t, a set of bid {ﬁj,t};\il. The policy U can only use
estimates of the unknown number-of-click and cost functions built
during the learning process. Therefore, the returned solutions may
not be optimal and/or violate Constraints (1b) and (1c) computed
on the true functions. Notice that, even if this setting is closely
related to the one presented in the work by Badanidiyuru et al. [3],
the specific non-matroidal nature of the constraints do not allow to
cast the bid allocation problem above into the bandit with knapsack
framework.

We are interested in evaluating learning policies i in terms of
both loss of revenue (a.k.a. pseudo-regret) and violation of those
constraints. The pseudo-regret and safety of a learning policy U
are defined as follows:

’In economic literature, it is also used an alternative definition of ROIL
¥ o nj (g0 = (x|
e
hand side of Constraint (1b) with A + 1.
3Here, we assume that the value per click v; is known. In the case one needs its
estimates, refer to Nuara et al. [20] for details.

. To capture this case, it is sufficient to substitute the right



Algorithm 1 Meta-algorithm

Input: sets X; of bid values, ROI threshold A, daily budget
: Initialize the GPs for the number of clicks and costs
. fort e {1,...,T} do
for je{1,...,N} do
for x € Xj do
Produce estimates i ;1 (x), 6'J'.ft_1 (x) using the GP
on the number of clicks

Do W e

6: Produce estimates ¢ ;—1(x), &Jc',t—1 (x) using the GP
on the costs
7: Compute g using the GPs estimates

8 Run the Opt(u, A) procedure to get a solution {fc]-,t}j\]:l
9: Set the prescribed allocation during day ¢

10: Get revenue Z?]:l vj ij(%jt)
11 Update the GPs using the new information 7i;; (%) and
Cje(Xje)

Definition 1 (Learning policy pseudo-regret). Given a learning
policy U, we define the pseudo-regret as:

T N
Rr(W) =TG* ~E|> > vjnj(%0)],

=1 j=1
where G* := Z?]:l vj nj (x}f) is the expected revenue provided by a

N
clairvoyant algorithm, the set of bids {x}*} » is the optimal clairvoy-

ant solution to the problem in Equations (la)i(lc), and the expectation
E[ -] is taken w.r.t. the stochasticity of the learning policy .

Our goal is the design of algorithms that minimize the pseudo-
regret Ry (). In particular, we are interested in no-regret algorithms
guaranteeing a regret that increases sublinearly in T.

Definition 2 (5-safe learning policy). Givenn € (0, T], a learning
policy W is n-safe lf{fcjt}j\,:l i.e., the expected number of times at
least one of the Constraints (1b) and (1c) is violated fromt =1to T
is less than n or, formally:

T

p X 0j nj(&je)

N
<AV E cj(xj)>pl<n.
N ~ I\
=1 Zj:l Cj(xj,t) j=1

Our goal is the design of safe algorithms that minimize 7. In
particular, we are interested in safe algorithms guaranteeing that 5
increases sublinearly in (or independently of) T.

3 META-ALGORITHM

We provide the pseudo-code of our meta-algorithm in Algorithm 1.
It solves the problem in Equations (1a)—(1c) in an online fashion.
Algorithm 1 is based on three components: Gaussian Processes
(GPs) [23] to model the parameters whose values are unknown, an
estimation subroutine to generate estimates of the parameters from
the GPs, and an optimization subroutine to solve the optimization
problem given the estimates.

In particular, GPs are used to model the functions n;(-) and
¢j(-) describing the number of clicks and the costs, respectively.
The employment of GPs to model these functions provides several

advantages w.r.t. other regression techniques, such as the provision
of a probability distribution over the possible values of the functions
for every bid value x € Xj relying on a finite set of samples. GPs use
the noisy realization of the number of clicks 7i; ,(£; ) collected
from each subcampaign C; for each past day h € {1,...,¢t — 1}
to generate, for every bid x € Xj, the estimates for the expected
value 1 ;—1(x) and the standard deviation of the number of clicks
?rj’." ;—1(%). Analogously, using the noisy realizations of the cost
function 5j,h(ffj,h), with h € {1,...,t — 1}, GPs generate, for every
bid x € Xj, the estimates for the expected value ¢;;—1(x) and the
standard deviation of the costs 6';?, ¢—1(%). Details on the use of the
GPs are provided by Rasmussen and Williams [23].

The estimation subroutine returns the vector g composed of
the estimates generated from the GPs. In the following sections,
we investigate two subroutines to compute p. Then, the vector p
is given as input to the optimization subroutine, called Opt(u, A),
that solves the problem stated in Equations (1a)—(1c) and returns

the bid strategy {J? f’t}?jzl to play the next day t. Finally, once the

strategy has been applied, the revenue Zy: 19j fij(Xj,t) is obtained
and the stochastic realization of the number of clicks 7i; ;(£;,;) and
costs Cj (X +) are observed and provided to the GPs to update the
models used for the next day ¢ + 1. For the sake of presentation, we
first present the Opt(p, A) subroutine and, then, some estimation
subroutines together with the theoretical guarantees provided by
Algorithm 1 when these subroutines are adopted.

4 OPTIMIZATION SUBROUTINE

At first, we show that, even if all the values of the parameters of
the optimization problem are known, the optimal solution cannot
be approximated in polynomial time within any strictly positive
factor (even depending on the size of the instance), unless P = NP.
We reduce from SUBSET-SUM that is an NP-hard problem. Given
a set S of integers u; € Nt and an integer z € N*, SUBSET-SUM
requires to decide whether there is a set S* C S with ¥;cg u; = 2.4

THEOREM 1 (INAPPROXIMABILITY). For any p € (0, 1], there is
no polynomial-time algorithm returning a p-approximation to the
problem in Equations (1a)—(1c), unless P = NP.

It is well known that SUBSET-SUM is a weakly NP-hard problem,
admitting an exact algorithm whose running time is polynomial
in the size of the problem and the magnitudes of the data involved
rather than the base-two logarithm of their magnitudes. The same
can be showed for our problem. Indeed, we can design a pseudo-
polynomial-time algorithm to find the optimal solution in polyno-
mial time w.r.t. the number of possible values of revenues and costs.
In real-world settings, the values of revenue and cost are in limited
ranges and rounded to the nearest cent, allowing the problem to be
solved in a reasonable time. From now on, we assume for simplicity
that the discretization of the ranges of the values of the daily cost
Y and revenue R is evenly spaced.

The pseudo-code of the Opt(y, A) subroutine, solving the prob-
lem in Equations (1a)—(1c) with a dynamic programming approach,
is provided in Algorithm 2. It takes as input the set of the possible

4The proofs are deferred to the Supplementary Material.



Algorithm 2 Opt(y, 1) subroutine

Input: sets X; of bid values, set Y of cumulative cost values,
set R of revenue values, vector p, ROI threshold A
: Initialize M empty matrix with dimension |Y| X |R|
: Initialize x¥7 = xg’e;t =[]lVyeY,reR
S(y,r)=U{xeXilei(x) SyAw,(x) >r} YyeY,reR
x¥%" = arg maxyes wi(x) YyeY,r eR
M(y,r) = maxyes wi(x) YyeY,r €R
. for je€{2,...,N} do
for yeY do
for r € R do
Update S(y, r) according to Equation (2)
Xz’e:n = argmaXgses(y,r) 2{21 wi(si)

M(y,r) = maXseS(y,r) Z{;l wi(si)

u.r
next

. Select (y*, r*) according to Equation (3)
. Output: x¥"""

N A AN T > e

—_
<

—_
—_

x¥ =x

—-
»

—
~ o

bid values X for each subcampaign Cj, the set of the possible cumu-
lative cost values Y such that max ey y = f, the set of the possible
revenue values R, a ROI threshold A, and a vector of parameters
characterizing the specific instance of the optimization problem:

po= [Wl(xl), .. .,WN(X|XN|);21 (xl)) .. '>ﬂN(x\XN|)’
=C1(x1), . —en (xpxg D s

where wj(x;) :=vj nj(x;) denotes the revenue for a subcampaign

Cj. We use h and h to denote potentially different estimated values
of a generic function h used by the learning algorithms in the next
sections. In particular, if the functions are known beforehand, then
it holds h = h = hforboth h = w; and h = c;. For the sake of clarity,
Wj(x) is used in the objective function, while w j (x) and ¢;j(x) are
used in the constraints. At first, the subroutine initializes a matrix
M in which it stores the optimal solution for each combination of
valuesy € Y and r € R, and initializes the vectors x¥" = xg’e:(t =[],
Vy € Y,Vr € R (Lines 1-2). Then, the subroutine generates the set
S(y, r) of the bids for subcampaign C; (Line 3). More precisely, the
set S(y, r) contains only the bids x that induce the overall costs
to be lower or equal than y and the overall revenue to be higher
or equal than r. The bid in S(y,r) that maximizes the revenue
calculated with parameters w; is included in the vector x¥%", while
the corresponding revenue is stored in the matrix M. Then, the
subroutine iterates over each subcampaign C;, with j € {2,..., N},
all the values y € Y, and all the values r € R (Lines 9-11). At each
iteration, for every pair (y,r), the subroutine stores in x%" the
optimal set of bids for subcampaigns C4, ..., C; that maximizes the
objective function, and stores the corresponding optimum value
in M(y,r). At every j-th iteration, the computation of the optimal
bids is performed by evaluating a set of candidate solutions S(y,r),
computed as follows:

S(y,r) = U {s = [Xy/’r/,x] s.t. y' +Ej(x) <yA

r'+ﬂj(x)Zr/\xer/\y'eY/\r'eR}. (2)

This set is built by combining the optimal bids x¥"" computed at
the (j — 1)-th iteration with one of the bids x € X; available for
the j-th subcampaign, such that these combinations satisfy the ROI
and budget constraints. Then, the subroutine assigns the element of
S(y, r) that maximizes the revenue to xg;;t and the corresponding
revenue to M(y, r). At the end, the subroutine computes the optimal

pair (y*,r*) as follows:

(y",r") = {ye Y,r e Rst. 2 >AA

M(y,r) = M(y',r"), Vy €Y, Vr' e R}, (3)

as well as the corresponding set of bids XY, containing one bid
for each subcampaign. We can state the following:

THEOREM 2 (OPTIMALITY). Subroutine Opt(u, A) returns the op-
timal solution to the problem in Equations (1a)—(1c) when w;(x) =
ﬂj(x) =wvjnj(x) andcj(x) = cj(x) foreach j € {1,...,N} and the
values of revenues and costs are in R and Y, respectively.

The asymptotic running time of the Opt procedure is:
N
o > Xl Y[ IR |,
Jj=1

where |Xj| is the cardinality of the set of bids X, since it has to
cycle over all the subcampaigns and, for each one of them, to find
the maximum bids and compute the values in the matrix S(y,r).
Moreover, the asymptotic space complexity of the Opt procedure is
O(max;—(1, Ny [Xjl [Y] |R]) since it has to store the values in the
matrix S(y, r) and perform a maximum operation over the possible
bids x € X.

5 ESTIMATION SUBROUTINE

Initially, we focus on the nature of our learning problem, and we
show that no online learning algorithm can provide a sublinear
pseudo-regret while guaranteeing safety.

THEOREM 3 (PSEUDO-REGRET/SAFETY TRADEOFF). Foreverye > 0
and time horizon T, there is no algorithm with pseudo-regret smaller
than (1/2 — €) T that violates (in expectation) the constraints less
than (1/2 — €) T times.

Notice that, for the sake of simplicity, our proof is based on
the violation of (budget) Constraint (1c), but its extension to the
violation of (ROI) Constraint (1b) is direct. Since we cannot simul-
taneously guarantee sublinear regret and a sublinear number of
violations of the constraints, we focus on algorithms guaranteeing
only one property. In particular, in the following, we provide two
algorithms, the first guaranteeing sublinear regret and the second
guaranteeing a sublinear number of violations of the constraints.
The results provided in the following hold under the assumption
that n; and c¢;j can be modeled as GPs.

The asymptotic running time of the GP estimation subroutine is
@(Zﬁ.\]: 11X t2), where t is the number of samples (current round),

and the asymptotic space complexity is @(Nt?), i.e., the space re-
quired to store the Gram matrix. The dependence on the number of
days t due to the GP update procedure can be reduced to linear using
the recursive formula for the GP mean and variance computation
(see Chowdhury and Gopalan [7] for details).



Guaranteeing Sublinear Pseudo-regret: GCB.. Accabi et al. [1] pro-
vide the GCB algorithm, a combinatorial bandit algorithm in which
the reward is modeled by a single GP. In this work, we use a specific
instance of the GCB in which multiple parameters are modeled by
independent GPs. The details on how to properly set the values in
the vector p as prescribed by GCB are described in the Supplemen-
tary Material. The result provided in Theorem 1 by [1] bounds the
GCB pseudo-regret in terms of the maximum information gain of
the GP modeling the number of clicks of subcampaign C;, formally
defined as:

1 fb(xj,l,...,x];t)
Vit = max I+ —————|
2 (Xj 150Xt )X EX o
where I; is the identity matrix of order t, ®(xj1,...,xj¢) is the
Gram matrix of the GP computed on the vector (xj,1,..., xj’t), and

o € R" is the noise standard deviation.
From the above results, we can state the following:

THEOREM 4 (GCB PESUDO-REGRET). Given § € (0, 1), GCB ap-
plied to the problem in Equations (1a)—(1c), with probability at least
1 -6, suffers from a pseudo-regret of:

Rr(GCB) <

T NQT#?

whereb; == 21n (T) is an uncertainty term used to guarantee

the confidence level required by GCB, and Q := maxc 1, N} Xl
is the maximum number of bids in a subcampaign.

On the other hand, the GCB algorithm violates (in expectation)
the constraints a linear number of times in T.

THEOREM 5 (GCB SAFETY). Given § € (0, 1), GCB applied to the
problem in Equations (1a)—(1c) is n-safe wheren > T — 2NQT and,

therefore, the number of constraints violations is linear in T

Guaranteeing Safety: GCBgare. We propose GCBg,fe, a variant
of GCB relying on different values to be used in the vector p. More
specifically, we employ optimistic estimates for the parameters
used in the objective function and pessimistic estimates for the
parameters used in the constraints. Formally, in GCBg,4fe, We set:

Wi () =0 -1 () + Vb1 ()]
b6, ()]
t 1(%).

w;(x) =0 [fz,»,f_l(:o -
Cj(x) —Cjt 1(x) + Vb1

N
Furthermore, GCBg,f. needs a default set of bids { x5 t} ~, that
j=1

is known a priori to be feasible for the problem in Equations (1a)-
(1c) with the actual values of the parameters.® The pseudo-code of
GCBg,fe is provided in Algorithm 1 with the above definition of the

- {xtl,
1 J.t j=1

if the optimization problem does not admit any feasible solution
with the current estimates. We can show the following:

parameters of vector y, except that it returns {JE j’t}i'\]:

5In the Supplementary Material, we also present Theorem 9 that provides results
on the magnitude of the violation of GCB.

N
O A trivial default feasible bid allocation is { = 0} .
Jj=1

THEOREM 6 (GCBg,fe SAFETY). Given d € (0, 1), GCBgafe ap-
plied to the problem in Equations (1a)—(1c) is 5-safe and, therefore,
the number of constraints violations is constant in T.

The safety property comes at the cost that GCBg,fe may suffer
from a much larger pseudo-regret than GCB:

THEOREM 7 (GCBg4fe PSEUDO-REGRET). Givend € (0, 1), GCBgate
applied to the problem in Equations (1a)—(1c) suffers from a pseudo-
regret Ry (GCBgafe) = O(T).

Guaranteeing Sublinear Pseudo-regret and Safety with Tolerance:
GCBgafe(Y). We can show that, when a tolerance in the violation
of the constraints is accepted, GCBg,4¢e can be exploited to obtain
a sublinear pseudo-regret. We focus on the case in which we a
priori know that the budget constraint is not active at the optimal
solution. Similar results can be derived both when we a priori know
that the ROI constraint is not active and when we have no a priori
information on which constraint is active, see the Supplementary
Material; furthermore, the extension to the case in which the budget
constraint is not uncertain as it is guaranteed by the platform is
direct. Given an instance of the problem in Equations (1a)-(1c) that
we call original problem, we build an auxiliary problem in which
we slightly relax the ROI constraint, substituting A with A — . We
define GCBg,fe (1) as GCBg, e applied to the auxiliary problem. By
definition, GCBgare (1), w.h.p., does not violate the ROI constraint
of the original problem by more than the tolerance .

THEOREM 8 (GCBg,fe (/) PSEUDO-REGRET AND SAFETY WITH

Zln(%)a and

+
TOLERANCE). When { > Zﬁ"’” Hmax 2
Zﬁvl vj
ﬁopt < ﬁ N Bopty .
Popt+nmax Z/ 19
optimal solution of the original problem, and nyax = max;j x nj(x) is

the maximum over the sub-campaigns and the admissible bids of the
expected number of clicks, GCBg,fe provides a pseudo-regret w.r.t. the

optimal solution to the originalproblem of O (1 T Z?Ll yj,T) with

probability at least 1-6— QT2 , while being 5-safe w.r.t. the constraints
of the auxiliary problem.

, where &' < 6, Popt is the spend at the

This result states that, on the result provided in Theorem 1 can
be circumvented on a subset of the possible instances of the opti-
mization problem, if we allow a violation of at most ¢ of the ROI
constraint. In this case, GCBg,fe (1) guarantees sublinear regret
and a number of constraints violations that is constant in T.

Notice that the magnitude of the violation ¢ increases linearly
in the maximum number of clicks n;qx and Zﬁ.\]: 1 ), that, in its
turn, increases linearly with the number of sub-campaigns N. This
suggests that in large instances this value may be large. However,
in practice, the maximum number of clicks of a sub-campaign nmax
is a sublinear function in the optimal budget by, and usually it
goes to a constant as the budget spent goes to infinity. Moreover,
the number of sub-campaigns N usually depends on the budget,
i.e., the choice of the budget is such that the budget is linear in the
number of sub-campaigns. Therefore, the result is that by, is of
the same order of Z?I: 1 vj- In conclusion, since n,qx is sublinear

in bop; and 27:1 vj is of the order of b, pt, the final expression of
1 is sub-linear in b, pt.
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Figure 1: Results of Experiment #1: daily revenue (a), ROI (b), and spend (c) obtained by GCB and GCBg,f.. Dash-dotted lines
correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and budget
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Figure 2: Results of Experiment #2: Median values of the daily revenue (a), ROI (b) and spend (c) obtained by GCBg,¢, with
different values of ¢,.
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Figure 3: Results of Experiment #3: Median values of the daily revenue (a), ROI (b) and spend (c) obtained by GCB, GCBgre,

and GCBg e (ex = 0.95).

6 EXPERIMENTAL EVALUATION

We compare the GCB algorithm with GCBg,¢, in synthetic settings,
generated from real-world data, in terms of pseudo-regret and
safety.

Experiment #1. We simulate N = 5 subcampaigns, with |X;| =
201 bid values evenly spaced in [0, 2], |Y| = 101 cost values evenly
spaced in [0, 100], and |R| = 151 revenue values evenly spaced
in [0, 1200]. For a generic subcampaign Cj, at every t, the daily
number of clicks is returned by function 7i;(x) := 0;(1 - e_x/‘sf) +

§;’ and the daily cost by function ¢j(x) = «;(1 — e X/Viy 4+ fjc.,
where §; € R* and a; € R* represent the maximum achievable
number of clicks and cost for subcampaign C; in a single day,
8; € R* and y; € R* characterize how fast the two functions
reach a saturation point and £ and ch are noise terms drawn from
a N(0,1) Gaussian distribution (these functions are customarily
used in the advertising literature, e.g., by Kong et al. [16]). The
values used for the parameters of the above functions for the N = 5



subcampaigns have been estimated relying on a real-world dataset.”
We assume a unitary value for each click, ie, v; = 1 for each
j € {1,...,N}. The values of the parameters of cost and revenue
functions of the subcampaigns are specified in Table 1 reported
in the Supplementary Material. We set a daily budget f = 100 for
every t, A = 10 in the ROI constraint, and a time horizon T = 60.
The peculiarity of this setting is that, at the optimal solution, the
budget constraint is active, while the ROI one is not (below, in
Experiment #2, we study a setting in which the ROI constraint is
active at the optimal solution).

For both GCB and GCBg,fe, we use GPs with a squared expo-

nential kernel of the form k(x, x) := 0]2, exp {— (x_lx/)z

} for each
x,x' €X 7, where the parameters of € R* and [ € RY are estimated
from data, as suggested by Rasmussen and Williams [23]. The con-
fidence for the algorithms is § = 0.2. We evaluate the algorithms in
terms of:
e daily revenue: P;(U) := Z?Izl ojnj(Xj,t);

S0y () |

SNy (ki)
o daily spend: S;(U) = Zj.vzl cj(Xjt).

We perform 100 independent runs for each algorithm.

e daily ROI: ROI; (M) :=

Results. InFigure 1, for the daily revenue, ROI, and spend achieved
by GCB and GCBg,te at every t, we show the 50, percentile (i.e.,
the median) with solid lines and the 90, and 10;}, percentiles with
dashed lines surrounding the semi-transparent area. While GCB
achieves a larger revenue than GCBg,fe, it violates the budget con-
straint over the entire time horizon and the ROI constraint in the
first 7 days in more than 50% of the runs. This happens because,
in the optimal solution, the ROI constraint is not active, while the
budget constraint is. Conversely, GCBg,fe satisfies the budget and
ROI constraints over the time horizon for more than 90% of the
runs, and has a slower convergence to the optimum revenue. If we
focus on the median revenue, GCBg,¢o has a similar behaviour to
that of GCB for ¢ > 15. This makes GCBg,fe a good choice even in
terms of overall revenue. However, it is worth to notice that, in the
10% of the runs, GCBg,4fe does not converge to the optimal solution
before the end of the learning period. These results confirm our
theoretical analysis showing that limiting the exploration to safe
regions might lead the algorithm to get large regret.

Experiment #2. We study a setting in which the ROI constraint
is active at the optimal solution, i.e, A = /L,Pt, while the budget
constraint is not. This means that, at the optimal solution, the
advertiser would have an extra budget to spend. However, such
budget is not spent, otherwise the ROI constraint would be violated.
The experimental setting is the same of Experiment #1, except that
we set the budget constraint as f = 300. The optimal daily spend is
Popt = 161.

Results. In Figure 3, we show the median values of the daily
revenue, the ROI and the spend of GCB, GCBgfe, GCBgafe (0.05).
We notice that, even in this setting, GCB violates the ROI constraint
for the entire time horizon, and the budget constraint in t = 6 and

"The dataset is provided by AdsHotel (https://www.adshotel.com/), an Ttalian
media agency working in the hotel booking market. The estimated values and the
code used in the experiments are available at: https://github.com/oi-tech/safe_bid_opt.

t = 7. However, it achieves a revenue larger than the optimum.
On the other side, GCBg,4f always satisfies both the constraints,
but it does not perform enough exploration to quickly converge
to the optimal solution. We observe that it is sufficient to allow
a tolerance in the ROI constraint violation by slightly perturbing
the input value A (y = 0.05, corresponding to a violation of the
constraint by at most 5%) to make GCBg,fe capable of approaching
the optimal solution while satisfying both constraints for every t €
{0,...,T}. This suggests that, in real-world applications, GCBg,fe
with a given tolerance represents an effective solution, providing
guarantees on the violation of the constraints while returning high
values of revenue. Such results are also confirmed by the additional
experiments provided in the Supplementary Material.

7 CONCLUSIONS AND FUTURE WORKS

In this paper, we propose a novel framework for Internet adver-
tising campaigns. While previous works available in the literature
focus only on the maximization of the revenue provided by the
campaign, we introduce the concept of safety for the algorithms
choosing the bid allocation each day. More specifically, we aim that
the allocation satisfies, with high probability, some daily ROI and
budget constraints fixed by the business units of the companies. The
constraints are uncertain, as their parameters are not a priori known
(some platforms do not allow the bidders to set daily budget con-
straint, while no platform allows the bidders to set daily constraints
on ROI). Our goal is to maximize the revenue satisfying w.h.p. the
uncertain constraints (a.k.a. safety). We model this setting as a con-
strained optimization problem, and we prove that such a problem is
inapproximable within any strictly positive factor, unless P = NP,
but it admits an exact pseudo-polynomial-time algorithm. Most in-
terestingly, we prove that no online learning algorithm can provide
sublinear pseudo-regret while guaranteeing a sublinear number of
violations of the uncertain constraints. We show that the adaption
of GCB suffers from a sublinear pseudo-regret, however, it may
violate the constraints a linear number of times. Thus, we design
GCBgafe, a novel algorithm that guarantees safety at the cost of a
linear pseudo-regret. Remarkably, a simple adaptation of GCBg,fe,
namely GCBg,re (1), guarantees a sublinear pseudo-regret and a
safety with a fixed tolerance . Finally, we evaluate the empirical
performance of our algorithms on synthetically advertising prob-
lems generated from real-world data. These experiments show that
GCBs,fe (¥) provides good performance in terms of safety, while
suffering from a small cumulative revenue w.r.t. GCB.

An interesting open research direction is the design of an al-
gorithm which adopts constraints changing during the learning
process, so as to identify the active constraint and relax those that
are not active. Moreover, understanding the relationship between
the relaxation of one of the constraints and the increase of the
revenue constitutes an interesting line of research.


https://www.adshotel.com/
https://github.com/oi-tech/safe_bid_opt

REFERENCES

(1]
(2]
(3]

[4

=

[10]

[11]

G. M. Accabi, F. Trovo, A. Nuara, N. Gatti, and M. Restelli. 2018. When Gaussian
Processes Meet Combinatorial Bandits: GCB. In EWRL.

S. Amani, M. Alizadeh, and C. Thrampoulidis. 2020. Regret Bound for Safe
Gaussian Process Bandit Optimization. In L4DC. 158-159.

Ashwinkumar Badanidiyuru, Robert Kleinberg, and Aleksandrs Slivkins. 2013.
Bandits with knapsacks. In 2013 IEEE 54th Annual Symposium on Foundations of
Computer Science. IEEE, 207-216.

C. Borgs, J. Chayes, N. Immorlica, K. Jain, O. Etesami, and M. Mahdian. 2007.
Dynamics of bid optimization in online advertisement auctions. In WWW. 531-
540.

X. Cao and K. J. Ray Liu. 2019. Online Convex Optimization With Time-Varying
Constraints and Bandit Feedback. IEEE T AUTOMAT CONTR 64, 7 (2019), 2665—
2680.

W. Chen, Y. Wang, and Y. Yuan. 2013. Combinatorial multi-armed bandit: General
framework and applications. In ICML. 151-159.

S.R. Chowdhury and A. Gopalan. 2017. On kernelized multi-armed bandits. In
ICML. 844-853.

N. R. Devanur and S. M. Kakade. 2009. The price of truthfulness for pay-per-click
auctions. In ACM EC. 99-106.

W. Ding, T. Qin, X.-D. Zhang, and T.. Liu. 2013. Multi-Armed Bandit with Budget
Constraint and Variable Costs. In AAAIL 232-238.

J. Feldman, S. Muthukrishnan, M. Pal, and C. Stein. 2007. Budget optimization in
search-based advertising auctions. In ACM EC. 40-49.

N. Galichet, M. Sebag, and O. Teytaud. 2013. Exploration vs exploitation vs safety:
Risk-aware multi-armed bandits. In ACML. 245-260.

[12] J. Garcia and F. Fernandez. 2012. Safe exploration of state and action spaces in

[13]
[14]

[15]

[16]
[17]
(18]

[19]

[20]

[21]

[22]
[23]

[24]

[28]
[29]

[30]

reinforcement learning. 7 ARTIF INTELL RES 45 (2012), 515-564.

N. Golrezaei, I. Lobel, and R. Paes Leme. 2018. Auction design for ROI-constrained
buyers. Available at SSRN 3124929 (2018).

A. Hans, D. Schneegaf3, A. M. Schifer, and S. Udluft. 2008. Safe exploration for
reinforcement learning.. In ESANN. 143-148.

IAB. 2020. Interactive Advertising Bureau (IAB) internet advertising revenue
report, Full year 2019 results & Q1 2020 revenues. https://www.iab.com/wp-
content/uploads/2020/05/FY19-IAB-Internet- Ad-Revenue-Report_Final.pdf. On-
line; accessed 4 January 2021.

D. Kong, X. Fan, K. Shmakov, and J. Yang. 2018. A Combinational Optimization
Approach for Advertising Budget Allocation. In WWW. 53-54.

S. Mannor, J. N. Tsitsiklis, and J. Y. Yu. 2009. Online Learning with Sample Path
Constraints. § MACH LEARN RES 10 (2009), 569-590.

A. Moradipari, C. Thrampoulidis, and M. Alizadeh. 2020. Stage-wise Conservative
Linear Bandits. In NeurIPS.

A. Nuara, N. Sosio, F. Trovo, M. C. Zaccardi, N. Gatti, and M. Restelli. 2019.
Dealing with Interdependencies and Uncertainty in Multi-Channel Advertising
Campaigns Optimization. In WWW. 1376-1386.

A. Nuara, F. Trovo, N. Gatti, and M. Restelli. 2018. A Combinatorial-Bandit Algo-
rithm for the Online Joint Bid/Budget Optimization of Pay-per-Click Advertising
Campaigns. In AAAL 2379-2386.

A. Nuara, F. Trovo, N. Gatti, and M. Restelli. 2020. Online Joint Bid/Daily Budget
Optimization of Internet Advertising Campaigns. CoRR abs/2003.01452 (2020).
arXiv:2003.01452 https://arxiv.org/abs/2003.01452

M. Pirotta, M. Restelli, A. Pecorino, and D. Calandriello. 2013. Safe policy iteration.
In ICML. 307-315.

C. E.Rasmussen and C. K. Williams. 2006. Gaussian processes for machine learning.
Vol. 1. MIT Press.

N. Srinivas, A. Krause, M. Seeger, and S. M. Kakade. 2010. Gaussian Process
Optimization in the Bandit Setting: No Regret and Experimental Design. In ICML.
1015-1022.

Y. Sui, A. Gotovos, J. Burdick, and A. Krause. 2015. Safe exploration for optimiza-
tion with Gaussian processes. In ICML. 997-1005.

B. K. Szymanski and J. Lee. 2006. Impact of roi on bidding and revenue in spon-
sored search advertisement auctions. In Workshop on Sponsored Search Auctions,
Vol. 1.

S. Thomaidou, K. Liakopoulos, and M. Vazirgiannis. 2014. Toward an integrated
framework for automated development and optimization of online advertising
campaigns. INTELL DATA ANAL 18, 6 (2014), 1199-1227.

F. Trovo, S. Paladino, M. Restelli, and N. Gatti. 2016. Budgeted Multi-Armed
Bandit in Continuous Action Space. In ECAL 560-568.

V. V. Vazirani, N. Nisan, T. Roughgarden, and E. Tardos. 2007. Algorithmic Game
Theory. Cambridge University Press.

W. Zhang, Y. Zhang, B. Gao, Y. Yu, X. Yuan, and T.-Y. Liu. 2012. Joint optimization
of bid and budget allocation in sponsored search. In SIGKDD. 1177-1185.


https://www.iab.com/wp-content/uploads/2020/05/FY19-IAB-Internet-Ad-Revenue-Report_Final.pdf
https://www.iab.com/wp-content/uploads/2020/05/FY19-IAB-Internet-Ad-Revenue-Report_Final.pdf
https://arxiv.org/abs/2003.01452
https://arxiv.org/abs/2003.01452

A SUPPLEMENTARY MATERIAL FOR THE PAPER “SAFE ONLINE BID OPTIMIZATION WITH
UNCERTAIN RETURN-ON-INVESTMENT AND BUDGET CONSTRAINTS”

A.1 Optimization Subroutine Analysis

THEOREM 1 (INAPPROXIMABILITY). For any p € (0, 1], there is no polynomial-time algorithm returning a p-approximation to the problem in
Equations (1a)—(1c), unless P = NP.

ProOF. We restrict to the instances of SUBSET-SUM such that z < };cs u;. Solving these instances is trivially NP-hard, as any instance

jes Ui+l
ZiesUitl ot e

with z > }};cs u; is not satisfiable, and we can decide it in polynomial time. Given an instance of SUBSET-SUM, let ¢ =
notice that, the lower the degree of approximation we aim, the larger the value of ¢. For instance, when study the problem of computing an
exact solution, we set p = 1 and therefore £ = };c5 u; + 1, whereas, when we require a 1/2-approximation, we set p = 1/2 and therefore
£ =2(Yes ui +1). We have S| + 1 subcampaigns, each denoted with C;. The available bids belong to {0, 1} for every subcampaign C;. The

parameters of the subcampaigns are set as follows:

e subcampaign Cy: we set vg = 1, and

) 20+z ifx=1 ) t ifx=1
co(x) = s no(x) = 5
0 otherwise 0 otherwise
¢ subcampaign C; for every j € S: we set v; = 1, and
u; ifx=1 u; ifx=1
ci(x) = , ni(x) = .
560 {0 otherwise i () {0 otherwise

We set the daily budget f = 2(z + ¢) and the ROI limit A = %.8

We show that, if a SUBSET-SUM instance is satisfiable, then the corresponding instance of our problem admits a solution with a revenue
larger than ¢, while, if a SUBSET-SUM instance is not satisfiable, the maximum revenue in the corresponding instance of our problem
is at most p £ — 1. Thus, the application of any polynomial-time p-approximation algorithm to instances of our problem generated from
instances of SUBSET-SUM as described above would return a solution whose value is not smaller than p £ when the SUBSET-SUM instance
is satisfiable and it is not larger than p £ — 1 when the SUBSET-SUM instance is not satisfiable. As a result, whenever such an algorithm
returns a solution with a value that is not smaller than p ¢, we can decide that the corresponding SUBSET-SUM instance is satisfiable.
Analogously, whenever such an algorithm returns a solution with a value that is in the range [p(p £ — 1), p £ — 1], we can decide that the
corresponding SUBSET-SUM instance is not satisfiable. Let us notice that the range [p(p £ — 1), p £ — 1] is well defined for every p € (0, 1],
as, by construction, p £ = };cs #; + 1 > 1 and therefore p£ — 1 > p(p ¢ — 1). Hence, such an algorithm would decide in polynomial time
whether or not a SUBSET-SUM instance is satisfiable, but this is not possible unless P = NP. Since this holds for every p € (0, 1], then no
p-approximation to our problem is allowed in polynomial time unless P = NP.

If. Suppose SUBSET-SUM is satisfied by the set S* C S and that the solution assigns x; = 1if i € S* and x; = 0 otherwise, and it assigns
xo = 1. The total revenue is £ + z > ¢ and the constraints are satisfied. In particular, the sum of the costs is 2¢ + z + z = 2(¢ + z), while
ROI = ;2 = 1.

Only if. Assume by contradiction that the instance of our problem admits a solution with a revenue strictly larger than p £ — 1 and
that SUBSET-SUM is not satisfiable. Then, it is easy to see that we need x¢ = 1 for campaign Cy as the maximum achievable revenue is
Yiesti = pf—1when xo = 0. Thus, since xo = 1, the budget constraint forces ¥ ;cs.,=1 ¢i(xi) < 2, thus implying ¥;cs.y,=1 #i < 2. By
s —Z,Zei:,z:;:il;iz > %, it must hold ZiES:x,—:l u;j > z. Therefore, the set S* = {i€ S:x; =1} isa
solution to SUBSET-SUM, thus reaching a contradiction. This concludes the proof. O

the satisfaction of the ROI constraint, i.e.

THEOREM 2 (OPTIMALITY). Subroutine Opt(p, A) returns the optimal solution to the problem in Equations (1a)—(1c) when w;(x) = w; (x) =
vjnj(x) andcj(x) = cj(x) foreach j € {1,...,N} and the values of revenues and costs are in R and Y, respectively.

Proor. Since all the possible values for the revenues and costs are taken into account in the subroutine, the elements in S(y, r) satisfy the
two inequalities in Equation (2) with the equal sign. Therefore, all the elements in S(y, r) would contribute to the computation of the final
value of the ROI and budget constraints, i.e., the ones after evaluating all the N subcampaigns, with the same values for revenue and costs,
being their overall revenue equal to r and their overall cost equal to y. Notice that Constraint (1c) is satisfied as long as it holds max(Y) = f.
The maximum operator in Line 11 excludes only solutions with the same costs and a lower revenue, therefore, the subroutine excludes only
solutions that would never be optimal (and, for this reason, said dominated). The same reasoning holds also for the subcampaign C; analysed
by the algorithm. Finally, after all the dominated allocations have been discarded, the solution is selected by Equation (3), i.e., among all the
solutions satisfying the ROI constraints the one with the largest revenue is selected. O

8For the ease of exposition, the proof uses simple instances. The adoption of simple cases is crucial to identify the most basic settings in which the problem is hard, and it is
customary in the theory literature. Let us notice that it is possible to prove the theorem using instances that satisfy real-world assumptions. For example, we can build a reduction in
which the costs are smaller than the values, ie., ¢; (x) < n;(x)v;. In particular, the reduction holds even if we set ¢ (1) = €(2] + z), ¢; (1) = €u;, f = 2e(z+1),and A = 1/(2¢)
for an arbitrary small €.



In what follows, we provide an impossibility result for the optimization problem in Equations (1a)—(1c). For the sake of simplicity, our
proof is based on the violation of (budget) Constraint (1c), but its extension to the violation of (ROI) Constraint (1b) is direct.

THEOREM 3 (PSEUDO-REGRET/SAFETY TRADEOFF). For every e > 0 and time horizon T, there is no algorithm with pseudo-regret smaller than
(1/2 — €) T that violates (in expectation) the constraints less than (1/2 — €) T times.

Proor. Initially, we show that an algorithm satisfying the two conditions of the theorem can be used to distinguish between N(1, 1)
and N(1+ §,1) with an arbitrarily large probability using a number of samples independent from §. Consider two instances of the bid
optimization problem defined as follows. Both instances have a single subcampaign with x € {0,1}, ¢(0) =0,r(0) =0,r(1) =1, =1,
and A = 0. The first instance has cost ¢! (1) = N (1, 1), while the second one has ¢?(1) = N (1 + 8, 1). With the first instance, the algorithm
must choose x = 1 at least T(1/2 + €) times in expectation, otherwise the pseudo-regret would be strictly greater than T(1/2 — ¢), while,
with the second instance, the algorithm must choose x = 1 at most than T(1/2 — €) times in expectation, otherwise the constraint on the
budget would be violated strictly more than T(1/2 — €) times. Standard concentration inequalities imply that, for each y > 0, there exists a
n(e, y) such that, given n(e, y) runs of the learning algorithm, with the first instance the algorithm plays x = 1 strictly more than Tn(e,y)/2
times with probability at least 1 — y, while with the second instance it is played strictly less than Tn(e, y)/2 times with probability at least
1 —y. This entails that the learning algorithm can distinguish with arbitrarily large success probability (independent of §) between the two
instances using (at most) n(e, y)T samples from one of the normal distributions.

However, the Kullback-Leibler divergence between the two normal distributions is KL(N(1,1), N (1 +,1)) = 62/2 and each algorithm
needs at least Q(1/6%) samples to distinguish between the two distributions with arbitrarily large probability. Since & can be arbitrarily
small, we have a contradiction. Thus, such an algorithm cannot exist. This concludes the proof.9 O

A.2 Applying GCB to the Bid Optimization Problem

In what follows we provide the full description of the GCB algorithm applied to the problem of advertisement and state the assumptions
required to provide theoretical guarantees on the regret.

To guarantee that GCB provides a sublinear pseudo-regret, we need that a few assumptions are satisfied. More specifically, we need a
monotonicity property, stating that the value of the objective function increases as the values of the elements in y increase and a Lipschitz
continuity assumption between the parameter vector g and the value returned by the objective function in Equation (1a). Formally:

Assumption 1 (Monotonicity). The expected reward ry(S) := 3.>_; vj nj(xj,t), where S is the bid allocation, is monotonically non decreasing

N
Jj=1
inp,ie, given u, n s.t. y; < n; for each i, we havery(S) < rp(S) for each S.

and:

Assumption 2 (Lipschitz continuity). The expected reward ry(S) is Lipschitz continuous in the infinite norm w.r.t. the expected payoff vector
u, with Lipschitz constant A > 0. Formally, for each p, n we have |ry(S) — rp(S)| < Allp — |0, where the infinite norm of a payoff vector is
[lplleo = max; |pil.

While it is easy to show that Lipschitz continuity holds with constant A = N (number of subcampaigns), the monotonicity property holds
by definition of p, as the increase of a value of W (x) would increase the value of the objective function, and the increase of the values of
w;(x) or ¢j(x) would enlarge the feasibility region of the problem, thus not excluding optimal solutions.

The GCB algorithms is presented in Algorithm 3. It uses two sets of GPs to estimate the number of clicks and the costs functions, one for
each subcampaigns C; with j € {1,..., N}. Then, the estimated payoffs for each arm x;; are fed to the Opt(p, A)procedure which chooses
the super-arm S; to play at round ¢. The algorithm requires as input the set of bids X for each subcampaign, a prior for each one of the GPs
specified by the mean function 7,0(-) and the standard deviation function 6'}'.20(«) for the number of clicks and the mean function ¢;(-)
and the standard deviation function &;’0(~) for the costs. At round ¢, the algorithm computes estimates for the expected payoff for each bid
x € Xj. The algorithm relies on the observations provided by the advertisement process up to time ¢ — 1 by means of the values of the gram
matrix K; ; of the number of clicks and H;; of the costs. It also requires to compute the vector of the covariance between the analysed bid x
and each bid seen up to now X ¢, formally kj ;1 := [k;j(Xj1,%),... kj(Xjt-1,x)] and hj ;1 := [hj(Xj1,%), ... hj(Xjz-1,%x)], where k; (-, -)
and hj(-, -) are the kernel functions for the number of clicks and the costs. Such a model provides a probability distribution for each expected
payoff, which is not directly employable in the approximation oracle, that, instead, needs a single value per expected payoft vector. We cope
with this issue we rely on upper an upper confidence bounds p over the considered quantities:

(1) =w; (¥)= 05 -1 (0 + V167, ()] @)
65(x) = E-1(0) = Vim0, (), )

Notice The theorem can be modified to hold even with instances that satisfy real-world assumptions, e.g., with costs much smaller than the budget. Indeed, we can apply the
same reduction in which the costs are arbitrary, e.g., ¢(0) = ¢(1) = g with an arbitrary small q and § = 1, while the utilities are r(0) = 0, 7(1) = N(1,1) orr(1) = N(1 - 4,1),
and the ROI limit is A = 1/q.



Algorithm 3 GCB Algorithm

Input: Set of bids X, noise variance o2, GP Prior distributions fij0, 6}10, ¢jo,and ?rJC.O forallie {1,...,N}
1: fort € {1,...,T} do

2 for je{1,...,N} do

3 for x € Xj do

4: Compute estimates flj[ 1(x) =kj - 1(0)7 (K] -1+ 0'21)_1k] r—1(x)

5 Compute estimates 0' (%) =kj(xx) - ]t 1(Kjt-1+0 2n- Ykjr-1(x)

6: Compute estimates cj,t_l(x) =hj1(x)T (Hj-1+ o%)~ Yhie—1(x)
Compute estimates 5}9,[_1 (x) =hj(x,x) - h}:t—l(HJlf—l + 0'21)_1hj,t_1 (x)

8: Compute p using the GPs estimates

9: Run the Opt(p, A) procedure to get a solution {D?j,t}j\il

10: Set the prescribed allocation during day ¢

11 Get revenue Zyzl 0j 1j(%jt)

12: Update the GPs using the new information 71 (X;) and ¢; ¢ (%j,+)

2 2
where b; == 21n (%) is an uncertainty term used to guarantee the confidence level required by GCB. Note that, given § € (0, 1),

wj(x) and w ; (x) are statistical upper bounds for the actual values n;(x) and that ¢;(x) are statistical lower bounds for the actual values
¢j(x) holding for all x € X; and for all j € {1,..., N} with probability at least 1 — § for t € {1,...,T}.

For the sake of simplicity, we assume that the values of the bounds correspond to values in R and Y, respectively. If the bound values for
Wj(x) are not in the set R, we need to round them up to the nearest value belonging to R. Instead, if ¢ i (x) are not in the set Y, a rounding
down should be performed to the nearest value in Y.

THEOREM 4 (GCB PESUDO-REGRET). Given § € (0, 1), GCB applied to the problem in Equations (1a)—(1c), with probability at least 1 — 6,
suffers from a pseudo-regret of:

16TN3b;
Rr(GCB) < :
T(GCB) ln(1+02)zy]T

TNQT#

where by := 21n (T) is an uncertainty term used to guarantee the confidence level required by GCB, and Q := max;c (1, N} |Xjl is the

maximum number of bids in a subcampaign.

Proor. The bounds in Equations (4) and (5) guarantee that the probability that there is at least a triple (j,x,t) with j € N, x € Xj,
t € {1,...,T} such that the actual value of vjn;(x) is larger than the upper bound wj;-1(x) = yj’t_l(x) or the actual value of c;(x) is
smaller than the lower bound ¢ ;—1(x) is less than §/2 (see Accabi et al. [1] for details). This implies, using a union bound, that the values in
o used in the oracle Opt(y, 1) are statistical (optimistical) bounds for the true values with probability at least 1 — §, as required by GCB.
Then, the proof follows by applying Theorem 1 by Accabi et al. [1] to our setting, using that Opt(u, A) subroutine is an («, ff)-approximation
algorithm with @ = 1 and f§ = 1 (see Chen et al. [6] for a formal definition). o

THEOREM 5 (GCB sAFETY). Givend € (0, 1), GCB applied to the problem in Equations (1a)—(1c) is -safe wheren > T — ﬁ and, therefore,

the number of constraints violations is linear in T.!°

Proor. Let us focus on a specific day t. Consider the case in which Constraints (1b) and (1c) are active, and, therefore, the left side equals
the right side: Z?]:l ﬂj(xj,t) -2 Zﬁ.\lzl ¢j(xjt) = 0and Z?Ll ¢j(xj,r) = P. For the sake of simplicity we focus on the costs ¢;(x;;), but
similar arguments also applies to the revenues w j (xj,r)- A necessary condition for which the two constraints are valid also for the real
revenue and costs is that for at least one of the costs it holds cj(xj,s) < ¢;j(x;;). Indeed, if the opposite holds, i.e., ¢j(xj;) < cj(xj;) for each
j€{l,...,N} and xj; € X}, the budget constraint would be violated by the allocation since Zj\jzl cj(xje) > Zj.\]:l ¢j(xjt) = p. Since the

event cj(xj ) < ¢j(xj,) occurs with probability at most over the t € N, formally:
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1911 the Supplementary Material, we also present Theorem 9 that provides results on the magnitude of the violation of GCB.



Finally, summing over the time horizon T the probability that the constraints are not violated is at most ﬁ formally:

5
2NQT’

T (SN vini(%,) N
=1 ] "j\A).t
EPJI\;—A<AVECj()ACj,t)>ﬁ >T
=1 2imq ¢j(%jie) j=1
[m]

In the following theorem we want to show that the cumulated violation by GCB of at least one of the constraints algorithm is bounded.
The following results assume that each subcampaign have a minimum cost per day ¢y > 0, a maximum cost cmay, and a maximum number
of clicks nmax = maxe(1,. N},xeX Nj (x).

THEOREM 9 (GCB CUMULATED VIOLATION). The cumulated violation of the two constraints provided by the GCB algorithm satisfies:

o 3L N 60 - T <0 (TN, vey),
N
T Zj= oini (%) ( N . c )
* TR YN G SO WT 2= Wi+ 15))
where y; ; 1S the maximum information gain of the GPs modeling the costs of j-th subcampaign aftert samples.

ProoF. We analyse the violation of the ROI constraint ur; at a specific day t and the one of the budget constraint vb;.
Focusing on the budget constraint, we have:

N N
vbj = > cj(xj0) =y < Y (&5(xj0) + Vbr-16%, 4 (x;0)) = B (©)
j=1 Jj=1
N N
= 21 (x0) = Vbro16,_ (xj0)) = B+2 ) \br—16%, 4 (xjr) )
j=1 j=1
<0
N
<2 Ve85, (x50, ®
j=1

where the inequality in Equation (7) holds from the fact that the solution selected by GCB has to satisfy the budget constraint. Define
nj(xje) =nj(xje) + \/b;_lé']’.’ (xj,¢). Notice that the previous bound holds w.p. at least 1 — § due to the fact that this is the probability for
which the bounds on the number of clicks and the costs hold.

. 2y 0 (xje)
Since we have A < S52-2 "0

=1 €5 (5.0 '
o S ojnj(xje) B S 0imj(xge) B ojnj(xe) ©)
r=A- < — -
S ei(x)e) ST (x0) S eilxie)
. Sy ¢ ge) Ty 0y (i) = B051 € (i) By vjmj (xe) 10)
- Sy ) B, )
(St Yo - Yoo Y
< ci(xjy) oinj(xjys) — ci(xjy) vinj(xjy)
JACIA; i (xj.e (Xt (X,
Nzcmin(cmin —+bro) j=1 Jj=1 j=1 j=1
N N N N
+ Z cj(xjr) Z ojnj(xjs) — Z cj(xje) Z ojn;(xj,t) (11)
= = = =
) N N N
< cj(xi)| ) vjnj(xje) = ) vjnj(xje)
Nzcmin(cmin —+bro) _; ; _;
N N N
+Zvjnj(xj,t) ch(xj’t) —ij(xj"t) (12)
j=1 j=1 j=1
NcmaxVmax?2 Z?le bt—16;l(xj,t) + NnmaxUmax2 2?]:1 Vbt—lé'}? (xj,t) (13)
< 13

N2 Cmin (Cmin - \/EO')



2¢maxYmax Z_]I\il Vb1 &;l (xj,t) + 2NmaxYmax 2?]:1 Vbt—lé’;(xj,t)
Nemin(Cmin = V bro)

where Zﬁ.\il vjij(xje) 2 2?7:1 anj(x;f) by definition of the GCB selection rule, vmayx := maxﬁil v}, and we assume that cpin — vbro > 0.

(14)

Using arguments similar to what has been used to bound the instantaneous regret r; in Srinivas et al. [24] and Accabi et al. [1], and
summing over the time horizon T, provides the final statement of the theorem. O

A.3 GCBg,re Analysis (Complete Proofs)

THEOREM 6 (GCBg e SAFETY). Given S € (0, 1), GCBgyre applied to the problem in Equations (1a)—(1c) is §-safe and, therefore, the number
of constraints violations is constant in T.

Proor. Let us focus on a specific day ¢. Constraints (1b) and (1c) are satisfied by the solution of Opt(u, ) for the properties of the
optimization procedure. Define n;(xj ;) := j(xj,¢) = Vbr-1 5';.1 (xj,¢)- Thanks to the specific construction of the upper bounds we have that

cj(xjt) <¢cj(xj) and nj(xjs) = n; (xj,¢), each holding with probability at least 1 — . As a consequence, we have:
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Zj:l uj nj(xj,t) Zj:1 vj ﬂj(xj,t)
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and
N N
Z cj(xjt) < ZEJ(xj,t) <p
= =

Using a union bound over:

the two GPs (number of clicks and costs);

e the time horizon T;

o the number of times each bid is chosen in a subcampaign (at most t);
e the number of arms present in each subcampaign (|X;);

e the number of subcampaigns (N);

we have:
T >N ojni(%j.) N N IX;l T ¢ 35
S| 2o VY e > pl<2d SIS (15)
N J\AJt = 2 2
=1 ( Zj:l ¢j(Xj.r) j=1 Akcihm= NQTI
$E35
<2 =d (16)
2 2
Flk=ihmi= b NQTI
17)
This concludes the proof. O

THEOREM 7 (GCBg,fe PSEUDO-REGRET). Given d € (0, 1), GCBgyre applied to the problem in Equations (1a)—(1c) suffers from a pseudo-regret
Rt (GCBsare) = O(T).

Proor. The optimal solution has at least one of the constraints which is active, i.e., it has the left-hand side equal to the right-hand side.

N
Assume that the optimal clairvoyant solution {xj} - to the optimization problem has a value of the ROI Ao); equal to 4. We showed in
J:

. . s . SN o) ZN 05 n(xe) .
th f of Th 6 that f llocation, with probability at least 1 — -2 it holds that 2~~~ L Th
e proof of Theorem at for any allocation, with probability at leas wZNoTe > it holds tha Y o) Y % o) is
N N o n;(x* N o;n,(x*
is true also for the optimal clairvoyant solution {x*} __, for which 4 = 2 = il ’?j (f P = U],E_’ (f ) , implying that the values used in
J Jj=1 Zj:1 Cj(x) Zj:l Cj(x)

the ROI constraint make this allocation not feasible for the Opt(u, A) procedure. As shown before, this happens with probability at least
1- #gnz at day ¢, and 1 — § over the time horizon T. To conclude, with probability 1 — §, not depending on the time horizon T, we will
not choose the optimal arm during the time horizon and, therefore, the regret of the algorithm cannot be sublinear. Notice that the same line
of proof is also holding in the case the budget constraint is active, therefore, the previous result holds for each instance of the problem in
Equations (1a)—-(1c). O
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HEOREM safe (/) PSEUDO-REGRET AND SAFETY WITH TOLERANCE eny j=19j n o and Bopt

2 ot 36’
Zj:l vj
ﬂ N Bopty ]
Popt+nmax Jj=1"J
over the sub-campaigns and the admissible bids of the expected number of clicks, GCBgafe provides a pseudo-regret w.r.t. the optimal solution to

the original problem of O (1 IT Z?Izl yj’T) with probability at least 1 — 6 — %, while being §-safe w.r.t. the constraints of the auxiliary problem.

, where 8’ < 6, Popt is the spend at the optimal solution of the original problem, and nmay := max; x n;j(x) is the maximum

N

Proor. In what follows, we show that, at a specific day ¢, since the optimal solution of the original problem {x}‘} » is included in the set
j=

of feasible ones, we are in a setting analogous to the one of GCB, in which the regret is sublinear. Let us assume that the upper bounds on

all the quantities (number of clicks and costs) holds. This has been shown before to occur with overall probability § over the whole time
horizon T. Moreover, notice that combining the properties of the budget of the optimal solution of the original problem f,,; and using

2 3
V= ‘B"P'Mma" Z vj4/21n (” 215Q,T )o-, we have:

Bopt
>N o)
o <D w
ﬁopt"’nmax ZJ 19
N Popty
ﬂopt + Nmax * ZI UJ ﬁoPt < ﬁzvj (19)
NOQT?
ZNZ:‘vj 2In (” Q )a+zujﬁopt<ﬁzuj (20)
=
2 3
B> Popt +2N zln(—” Z;](ST )a, (21)

First, let us evaluate the probability that the optimal solution is not feasible. This occurs if its bounds are either violating the ROI or
budget constraints. First, we show that analysing the budget constraint, the optimal solution of the original problem is feasible with high
probability. Formally, it is not feasible with probability:

N N 2 3
_ _ TeNQT
P j=§10j(x )>p|<P j:EICj(x ) > Popt +2N Zln(—%, )0 (22)

N N
=P Zc](x ) >Zc]~(x*)+2Nw/21n%a (23)
P( J(x™) > cj(x") +24/2In Ma) (24)
\ 35
2 3

(A 1) = ¢i(x") > —Vbr5%, (x* )+24/2In = Jng 0') (25)
2 3

P( o1(x) = cj(x") > 4/2In ”;‘igT &j’t_l(x*)) (26)
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where, in the inequality in Equation (22) we used Equation (21), in Equation (27) we used the fact that = N3§t Iz I;](gT for each

te{1,...,T}, 6';., 1 (x") < o for each j and t, and the inequality in Equation (28) is from Srinivas et al. [24]. Summing over the time horizon




N
T, we get that the optimal solution of the original problem {x}‘} )

Jj=1
38’
T2 QT?"

Second, we derive a bound over the probability that the optimal solution of the original problem is feasible due to the newly defined ROI
N
constraint. Let us notice that since the ROI constraint is active we have A = Aop¢. The probability that {xj} )

is excluded from the set of the feasible ones with probability at most

. is not feasible due to the ROI

j=
constraint is:
S0 (x")
P(% <A-y (29)
Zjil Cj(x*)
S 0y ny (") + Mmax INOT?
<P JA; J_ j <lopt—2ﬁ°pt2 Nmax Z”i o~ NQ,T . (30)
iz 6 (7) opt  j=1 30
ZN: vjn.(x%) ZAL vjnj(x") + N 2NOT3
-Pp JA; ]_ j < JA} J i _zﬁoptz Nmax Zﬂj Zln” N? - (31)
2jmy ¢j(x") 2oy ¢j(x7) opt =1 30
N N N N
=P ZC]‘(X*)ZU]' Qj(x*) < Z Ej(x*)ZzJj nj(x*)
j=1 j=1 j= j=1
Popt +n T2NQT3
2P maxz ,(x)zcj(x)zv] 2In 35%7 (32)
opt j=1
N N
ZCJ(X)ZZJJ nj(x) c](x)ZvJ nj(x*)+
Jj=1 Jj=
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25013 1 S o T
N
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Jj= Jj=1
2n N 7NQT?
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(x)z cj(x") ZUJ BEYA 0<0 (33)
DPf Jj= j=1
N N s ) X TNQT®
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JZ (") ]Z () s n/ 55
21
N N N N
P ch-(x*)Zvj nj(x*) - Z Ej(x*)ZUj nj(x*)
j=1 j=1 j=1 j=1
SR ) EN, Ty N ZNOT3
42 2 ! 5 =1 Zvj Nmax 21n3—($a<0 (34)
opt Jj=1 —
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>1
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where in Equation (37) we used the fact that % < % foreacht € {1,...,T}, &;?t_l(x*) < o for each j and ¢, and the inequality

in Equation (39) is from Srinivas et al. [24]. Summmg over the time horizon T ensures that the optimal solution of the original problem

N
{x}‘} is excluded from the feasible solutions at most with probability Finally, using a union bound, we have that the optimal
j=1

ZQTZ
. . . . q _ _ 68 _ 9
solution can be chosen over the time horizon with probability at least 1 ﬂz QTZ 20T <1 QTZ .

N
Notice that here we want to compute the regret of the GCBg,fe algorithm w.r.t. {x}‘} ~ which is not optimal for the analysed relaxed

problem. Nonetheless, the proof on the pseudo-regret provided in Accabi et al. [1] is valid also for suboptimal solutions in the case it is
feasible with high probability. This can be trivially shown using the fact that the regret w.r.t. a generic solution cannot be larger than the

N
one computed w.r.t. the optimal one. Thanks to that, using a union bound over the probability that the bounds hold and that {xj} s

j=1
feasible, we conclude that with probability at least 1 — 6 — Q5_7’"2 the regret GCBg,¢e is of the order of O (1 IT Zj.\[: 1 yj,T). Finally, thanks to the
property of the GCBg,fe algorithm shown in Theorem 6, the learning policy is §-safe for the relaxed problem. O
In the case the active constraint is the one related to the budget we slightly relax it, substituting  with § + ¢.
77.'21\]QT3 (ﬁ+"max)¢ Zﬁ\il 0j

THEOREM 10 (GCBg,fe PSEUDO-REGRET AND SAFETY WITH TOLERANCE). When ¢ > 2N, /21n ( 35 )cr, and Aopr > A+ N ,

where 8" < 8, and nmay := max; x nj(x) is maximum expected number ofclicks GCBsafe provides a pseudo-regret w.r.t. the optimal solution

to the original problem of O (, IT Z] Vi T) with probability at least 1 — § — ZQTZ , while being 5-safe w.r.t. the constraints of the auxiliary
problem.

N
Proor. We show that at a specific day ¢ since the optimal solution of the original problem {x;‘} isincluded in the set of feasible ones,

we are in a setting analogous to the one of GCB, in which the regret is sublinear. Let us assume that the upper bounds on all the quantities
(number of clicks and costs) holds. This has been shown before to occur with overall probability § over the whole time horizon T.



First, let us evaluate the probability that the optimal solution is not feasible. This occurs if its bounds are either violating the ROI or

N .
budget constraints. From the fact that the ROI of the optimal solution satisfies Aops > A + % we have:
SN ojn;(x")
P( ]I\; ]_ J <2 (40)
Zj=1 Cj(X*)
0 n;(x%) (B +nmax)$ ., 0
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2jy ¢j(x") iy ¢j(x") opt =1
36’
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where the derivation used arguments similar to the ones applied in the proof for the ROI constraint in Theorem 8. Summing over the time

horizon T ensures that the optimal solution of the original problem {x’f

J
38’
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N
} - is excluded from the feasible solutions at most with probability
j=

N
Second, let us evaluate the probability for which the optimal solution of the original problem {x}*} » is excluded due to the budget
j=

constraint, formally:

N
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where we use the fact that § = By, and the derivation used arguments similar to the ones applied in the proof for the budget constraint in

N
Theorem 8. Summing over the time horizon T, we get that the optimal solution of the original problem {x;} is excluded from the set of
xS
6T?

the feasible ones with probability at most
35"
QT2

. Finally, using a union bound, we have that the optimal solution can be chosen over the time
horizon with probability at least 1 —

N
Notice that here we want to compute the regret of the GCBg,fe algorithm w.r.t. {xj} » which is not optimal for the analysed relaxed

problem. Nonetheless, the proof on the pseudo-regret provided in Accabi et al. [1] is valid also for suboptimal solutions in the case it is
feasible with high probability. This can be trivially shown using the fact that the regret w.r.t. a generic solution cannot be larger than the one



N
computed on the optimal one. Thanks to that, using a union bound over the probability that the bounds hold and that {xj*} _ is feasible, we

Jj=1
conclude that with probability at least 1 — § — #‘YTZ the regret GCBg,¢e is of the order of O (1 IT Zy: 1 yj,T). Finally, thanks to the property
of the GCBg,fe algorithm shown in Theorem 6, the learning policy is §-safe for the relaxed problem. O

A final case occurs when both the constraints are active. In this setting the relaxation should be performed on both constraints, i.e., we
need to set the value of A to A + ¢/ and the value f to § + ¢ in the original optimization problem.!!

+ 2 3
THEOREM 11 (GCBg,fe PSEUDO-REGRET FOR THE ROI AND BUDGET RELAXED PROBLEM). Setting i = 2% Zﬁil 0j4/2In (%)a

opt

and ¢ = 2N,/2In (%)a, where 8 < 8, GCBgate provides a pseudo-regret w.r.t. the optimal solution to the original problem of

N ; i 5 . . . i
o (, IT ijl yj,T) with probability at least 1 — 6 — o1 while being 5-safe w.r.t. the constraints of the auxiliary problem.

ProoF. The proof follows from combining the arguments about the ROI constraint used in Theorem 8 and those about the budget
constraint used in Theorem 10. O

Notice that this approach might be applied also in the case we are not aware of which constraint is active or if the optimal solution does not satisfy the requirements stated in
Theorem 8 and 10.



B ADDITIONAL EXPERIMENTS FOR THE PAPER “SAFE ONLINE BID OPTIMIZATION WITH
UNCERTAIN RETURN-ON-INVESTMENT AND BUDGET CONSTRAINTS”

In this section we provide additional information to allow full reproducibility of the experiments provided in the main paper.

B.1 Parameters and Setting of Experiment #1

The code has been run on a Intel(R) Core(TM) i7 — 4710MQ CPU with 16 GiB of system memory. The operating system was Ubuntu 18.04.5
LTS, and the experiments have been run on Python 3.7.6. The libraries used in the experiments, with the corresponding version were:
matplotlib==3.1.3

gpflow==2.0.5

tikzplotlib==0.9.4

tf_nightly==2.2.0.dev20200308

numpy==1.18.1

tensorflow_probability==0.10.0

scikit_learn==0.23.2

tensorflow==2.3.0

On this architecture, the average execution time of the each algorithm takes an average of ~ 30 sec for each day t of execution. Table 1
specifies the values of the parameters of cost and number-of-click functions of the subcampaigns used in Experiment #1.

Table 1: Parameters of the synthetic settings used in Experiment #1.

C1 C2 C3 C4 C5

0; 60 77 75 65 70

j 041 | 048 | 043 | 0.47 | 0.40
aj 497 565 573 503 536
Yj 0.65 | 0.62 | 0.67 | 0.68 | 0.69

or GP revenue | 0.669 | 0.499 | 0.761 | 0.619 | 0.582
I GP revenue 0.425 | 0.469 | 0.471 | 0.483 | 0.386
oy GP cost 0.311 | 0.443 | 0.316 | 0.349 | 0.418
1 GP cost 0.76 | 0.719 | 0.562 | 0.722 | 0.727




B.2 Additional Figures Experiment #2

In Figures ??, ??, and ?? we report the 90% and 10% of the quantities analysed in the experimental section for Experiment #2 provided by
the GCB, GCBg,fe, and GCBg,e (0.05), respectively. These results show that the constraints are satisfied by GCBgafe, and GCBgae (0.05)
also with high probability. While for GCBg,¢e this is expected due to the theoretical results we provided, the fact that also GCBgafe (0.05)
guarantees safety w.r.t. the original optimization problem suggests that in some specific setting GCBg,fe is too conservative. This is reflected
in a lower cumulative revenue, which might be negative from a business point of view.
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Figure 4: Results of Experiment #3: daily revenue (a), ROI (b), and spend (c) obtained by GCB in Experiment 3. Dash-dotted
lines correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and

budget constraints.
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Figure 5: Results of Experiment #3: daily revenue (a), ROI (b), and spend (c) obtained by GCBg,¢, in Experiment 3. Dash-dotted
lines correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and

budget constraints.

B.3 Experiment #3

In real-world scenarios, the business goals in terms of volumes-profitability tradeoff are often blurred, and sometimes can be desirable to
slightly violate the constraints (usually, the ROI constraint) in favor of a significant volumes increase. However, analyzing and acquiring
information about these tradeoff curves requires to explore volumes opportunities by relaxing the constraints. In this experiment, we show
how our approach can be adjusted to address this problem in practice. We use the same setting of Experiment #1, except for the input we
pass to the GCBg,re algorithm. More precisely, we relax the ROI constraint by a value ¥ € {0, 0.05,0.1,0.15}, and we run 4 instances of
GCBg,re each associated to a different  value. Notice that GCBg,re (0) corresponds to the use of GCBg,¢e in the original problem, ie.,
consists in the application of GCBg,fe without any relaxation of the ROI constraint. As a result, except for the first instance, we allow
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Figure 6: Results of Experiment #3: daily revenue (a), ROI (b), and spend (c) obtained by GCB(ex = 0.95). Dash-dotted lines
correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and budget

constraints.
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Figure 7: Results of Experiment #3: Median values of the daily revenue (a), ROI (b) and spend (c) obtained by GCBg,f, with
different values of .

GCBg,fe to violate the ROI constraint, but, with high probability, the violation is bounded by at most 5%, 10%, 15% of A, respectively. Instead,
we do not introduce any tolerance for the daily budget constraint j.

In Figure 7, we show the median values, on 100 independent runs, of the performance in terms of daily revenue, ROI, and spend of
GCBg,te for every value of ¢f. The 10% and 90% quantiles of these quantities are reported in Figure 8, 9 and 10. The results show that, in
practice, allowing a small tolerance in the ROI constraint violation, we can improve the exploration and, therefore, lead to faster convergence.
We note that if we set a value of / > 0.05, we achieve significantly better performance in the first learning steps (¢ < 20) still maintaining a
robust behavior in terms of constraints violation. Most importantly, a small tolerance leads only to a violation of the ROI constraint in the
early learning stages, but the behavior at convergence is the same obtained without any tolerance.
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Figure 8: Results of Experiment #2: daily revenue (a), ROI (b), and spend (c) obtained by GCBg .. Dash-dotted lines correspond
to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and budget constraints.
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Figure 9: Results of Experiment #2: daily revenue (a), ROI (b), and spend (c) obtained by and GCBg,fc(ex = 0.95). Dash-dotted
lines correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and

budget constraints.
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Figure 10: Results of Experiment #2: daily revenue (a), ROI (b), and spend (c) obtained by and GCBg,s¢ (ex = 0.90). Dash-dotted
lines correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and

budget constraints.
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Figure 11: Results of Experiment #2: daily revenue (a), ROI (b), and spend (c) obtained by and GCBg e (ex = 0.85). Dash-dotted
lines correspond to the optimum values for the revenue and ROI, while dashed lines correspond to the values of the ROI and

budget constraints.



B.4 Experiment #4

In this experiment we extend the results of Experiment #1 and Experiment #3 to other settings. We simulate N = 5 subcampaigns with a
daily budget = 100, with |X;| = 201 bid values evenly spaced in [0, 2], |Y| = 101 cost values evenly spaced in [0, 100], being the daily
budget f = 100, and |R| evenly spaced revenue values depending on the setting.

We build 10 scenarios that differ in the parameters defining the cost and revenue functions, and in the ROI parameter A. Recall that the
number-of-click functions coincides with the revenue functions since v; = 1 for each j € {1,..., N}. Parameters a; € N* and §; € N*
are sampled from discrete uniform distributions U{50, 100} and 7/{400, 700}, respectively. Parameters y; and §; are sampled from the
continuous uniform distributions 2/[0.2, 1.1). Finally, parameters A are chosen so that the ROI constraint would be an active constraint for
the original problem. Table 2 summarize the values of such parameters.

Results. Table 3 reports the performances of algorithms GCB, GCBgafe, GCBsare (0.05) and GCBgafe (0.10). In particular, E[CR,_;] is the
cumulative revenue until day f averaged on the number of simulations, while OCR,_; and i;;t p. are the corresponding standard deviation and

i;p, percentile, respectively. These results are reported w.r.t. two different time instant: t = I_%J = 28, ie., at half of the period, and t = T = 57,
Le. at the end of the time horizon. Finally, Sror and Spyqge; denotes the total number of days in which the ROI and the budget constraints
were violated, respectively. In the last two columns we report the percentage of days on which the ROI and the budget constraint were

violated, i.e., SRTOI and %, respectively, averaged by the number of simulations. We performed 100 independent runs for each setting

and each algorithm.

The results are in line with what have been observed in the main paper, showing that the GCBg,f, algorithm and its relaxed variants are
able not to violate the constraints with high probability, while GCB shows the worst performance in terms of constraints violations. In terms
of cumulative revenue, the algorithms providing the largest values are the ones violating the constraint, while the algorithm showing the
largest revenue while satisfying the problem constraints is GCBg,fe with ¢ = 0.05. These results corroborates the idea that the relaxing the
constraints for a small percentage (e.g., 5%) provides a good tradeoff between revenue maximization and constraint satisfaction in most of
the cases.




Table 2: Parameters characterizing the 10 different settings in Experiment #4.

| o [ela|al o | A
Setting 1 0; 530 417 548 571 550 | 10.0
6j 0.356 | 0.689 | 0.299 | 0.570 | 0.245
aj 83 97 72 100 96
Yj 0.939 | 0.856 | 0.484 | 0.661 | 0.246

Setting2 | 6; || 597 | 682 | 698 | 456 | 444 | 14.0
8 || 0.202 | 0.520 | 0367 | 0.393 | 0.689
aj 83 98 | 56 | 60 | 51
yi || 0224 | 0.849 | 0.726 | 0.559 | 0.783
Setting3 | 6; || 570 | 514 | 426 | 469 | 548 | 10.5
8 || 0217 | 0.638 | 0.694 | 0.391 | 0.345
aj 97 78 | 53 | 80 | 82

Yj 0.225 | 0.680 | 1.051 | 0.412 | 0.918

Setting 4 0; 487 494 467 684 494 | 12.0
oj 0.348 | 0.424 | 0.326 | 0.722 | 0.265
aj 62 79 76 69 99

Yj 0.460 | 1.021 | 0.515 | 0.894 | 1.056

Setting 5 0; 525 643 455 440 600 | 14.0
éj 0.258 | 0.607 | 0.390 | 0.740 | 0.388
aj 52 87 68 99 94

Yj 0.723 | 0.834 | 1.054 | 1.071 | 0.943

Setting 6 0; 617 518 547 567 576 | 11.0
6j 0.844 | 0.677 | 0.866 | 0.252 | 0.247
aj 71 53 87 98 59

Yj 0.875 | 0.841 | 1.070 | 0.631 | 0.288

Setting 7 0; 409 592 628 613 513 | 11.5
oj 0.507 | 0.230 | 0.571 | 0.359 | 0.307
aj 77 78 91 50 71

Yj 0.810 | 0.246 | 0.774 | 0.516 | 0.379

Setting8 | 6; || 602 | 605 | 618 | 505 | 588 | 13.0
;|| 0326 | 0.265 | 0.201 | 0.219 | 0.291
aj 67 80 | 99 | 77 | 99

Yj 0.671 | 0.775 | 0.440 | 0.310 | 0.405

Setting 9 0; 486 684 547 419 453 | 13.0
oj 0.418 | 0.330 | 0.529 | 0.729 | 0.679
aj 53 82 58 96 100
Yj 0.618 | 0.863 | 0.669 | 0.866 | 0.831

Setting 10 | 0; 617 520 422 559 457 | 14.0
éj 0.205 | 0.539 | 0.217 | 0.490 | 0.224
aj 51 86 93 61 84

Yj 1.0493 | 0.779 | 0.233 | 0.578 | 0.562




ings in

Performances of the GCB, GCBg,fe, GCBg,e(0.05), and GCBg,fe(0.10) algorithms in the 10 different setti

Experiment #4.

Table 3

000°0 2590 69L°LTE0E | €IT'TLOTY | L2T'8EBSE | 0SL'0ELZL | 0L8'866E€ | 80G'83€0L | 8L8'I8IC ¥e0veey | €0¥08¥89 GLT'8SEEE (01°0)°#*590D
0000 | 6100 | £SL6VE8Z | SOT'098LS | T1S'SOLEE | L6SHOELY | 96V0SSTE | LLE'ELTSO | LIP9L8T | OLI'LSLE | 097°S899 | 11SH00IE || (S0°0)%°°@DD
000°0 810°0 €GLTE692 | SIS06SPS | 82V 'GES0E | 99F°€GEC9 | S6L'L168C | 822°€C€009 | SE8'GIP1 9LS’L60E | 6SC°G968S 676°6G8L8¢C %8590
2860 000°T 699°96V1¥ | 986°¢2008 | 008'88¢€Cy | GES'LCII8 | 08¢'610C2F | 89089508 LYSYPE ¢£ee'eey L¥8°0LS08 09T°CLOTY 409 | 01 Sumies
000°0 S6L°0 LEC08CLT | 69€°0L609 | S¥9°65SCE | 86285999 | 99G¢CII0€ | 6FF'1I0F9 | 916'€Cee LYE0I8E | $OOTLSEY S¥8°GL96¢ (01°0)°#*°90D
000°0 1€0°0 67€'G8ETC | 929°SOVLY | 098'FVLIOC | LCS'SPSPS | 2€G9°GLEECT | TE0F860S | 690°9€0C C¢eV'OTIE | T96'8CITS 06€°€89¢2 (50°0)%#¥590D
000°0 8200 GGT'C2CLT | LOS'OTELE | SOO'T9TIC | 1G2°0S8EY | 9L0°LSE6T | 0CL'€L90F | $E0'LYOE €G6°CCSS | 0LE9TIOY 969'56881 2385900
6€€°0 000°T 9LETYO9E | 9F9'6LE6Y | 8VITI8LE | T6L'CCIIL | 098°CSELE | 018°GLZOL 06S°LYE LGSCLY ¥¥L0820L [ YARPIVAY 40D 6 SumPes
0000 | 6900 | £20'96905 | 65676559 | €VI'LLESE | T1S'8SL0L | VOLLSSEE | 20298889 | OLLLIVE | S669€vs | 90725289 | o01gsszee || (01°0)%°°@00
000°0 120°0 €0€°¢2e8T | SO089611¥ | €0L°€88CE | €€0°C0699 | OVL'SP88C | PSS POVIO | €16°G09G | 88296201 | ¥LI'0ST8S 61V LLYVLC (50°0)°#%°90D
0000 0200 9€0°8¢ECT | 162°6S90€ | L8V ¥C08C | GCL'TICELS | SL6°08I¥C | €59F%60CS | L90°0009 | 6L0°6LLIT | L86'9%08F% S12'8L¥CC 2385900
2860 000°T 09L°€TI61y | 1256968L | LOT'EVLEY | 652°€L008 | CTO6'LIECY | 061°18S6L 0I8°GLE 088°9LY OIS TLS6L veleeeey 400 g Suniag
0000 969°0 61CPIE8T | 12E'8868E | 89G°10€CC | G69'L8ILY | 60%°¢890C | TVPI'GILEY | 628FC9€ S8V L6VL | ¥8G'8CSCy L65°9%002 (01°0)%#%590D
0000 1€0°0 LYS'9LZST | L96'FT6EE | 908°G086T | SIFFSITY | S8ISTOI8T | 891'12E8E | €L8'619C 680°CLTY | STLPVLLE 628°909L1 (50°0)°%°90D
000°0 L€00 €6C°8CETT | S1L'9628C | 68%'CC69T | GEI'FO0SE | 89F°0LSST | 0¥S600€E | T1L8°060€ 702’1595 | 0S¥'¢991¢ 19590871 385900
80V0 | 0007 | BLEETSVE | T6VHSLI9 | 68Y'E6LSE | P96'97ZH9 | LVI'LOSSE | OILSS0E9 | 82610V | LE9'EL8 | SLS'BEOSY | 26V 0EESE g0 | ¢ Bumps
000°0 681°0 009°881S 80€°G686 | 80€99€GC | 098'9€2SS | 8ICTO99T | €9L°60VLE | 9LT°08CL | 89T'E€ECIOL | GGG ITLYE 80L°L0GST (01°0)%#%%90D
000°0 7200 GL9°098¢ 6VT¥S6L | C8LTISE0T | 2L9'8¥S0C S6T1°LSTS8 99G°T91ST | 9¢8'%L6C 6V0 VLI | 99689671 CEVOTLL (50°0)%#%590D
000°0 2200 80%°9¢6¢ 7€6'18L9 7.8°0086 | 60T°'18G81 91¢°GL08 LEL6TOST | LZT0°G90€ | S91°9009 | ¥80°8F¥¥I 168°LOLL %8590
286°0 ¢86°0 LOEPCYSE | PPLOCLYY | OPS'ITIOC | CEL9ESLY | 69T°G6LSE | 618°0¢€1LY 0€L°09¢ 109°L2¢ G68'8TILY 08L'GLLSE 40D 9 duryzeg
000°0 ¢6G°0 821°09282 | 61261509 | 666°CI2CE | 0IFF9L99 | €26°6990€ | ¥98°F9EV9 | €L9°916C 1%9°9€9G | 90L°TI¥E9 68¢°L020¢ (01°0)°%°92D
0000 000°0 61€° L8672 | G88'8LCES | 6£G°C088C | 605°6€88S | €CO6'TICLE | 62E€FSG9S | L66°CVLI €09'8LSC | 969°G029S 91€°€00L2 (50°0)°#¥590D
0000 | 0000 | 2298261 | L6T9%6Th | 26999297 | 1€8'WHOSS | cv9'8e862 | 160712008 | S6698FE | LLISTLO | 0SL9S68Y | 250626z %%5g00
¢1€0 ¢86°0 180°¢906€ | CIS9GLEL | T9L°6V00% | €9C°GOPSL | CLI'6CS6E | C88°C69VL 82C°C6¢€ ¢S8°CY9 67 8€9¥L 80€°€2S56¢ 40D G Sumeg
0000 | 950 | SL9'R6IOT | L962H9SE | PSS 02008 | 99826619 | S6HZ06HZ | 009712995 | 6566595 | 2SEFGOTL | SOP'SISIS | £58'660v2 || (01°0)%°°@D0
000°0 800°0 9ESTPELL | 0€8°LOIST | PLGC96¥C | 9ET'GLEES | BLSPO6LT | 818°9628¢ | €69'GS6V | 686°CcC0T | ¥8L°C086E 8G¥°0L281 (50°0)°#*°90D
0000 ¢00°0 €€2°2966 692°6050C | 06€9G2LT | 0T2°C09S€ | €0¢°089%1 | €I¥'C660¢ | €229%9¢ LY6°2S0L | €00°T0162 CLT'LT8ET 385900
¢86°0 2860 L8E'TC0LE | €CT0€60L | 6ECCELLE | TSO'LLBIL | 9LL'LELE | C8S'66ETIL CL6'29C LOT'ISE 1E€770VIL 91G'¢8ELE 409 ¥ Sunieg
000°0 LYL0 YET'OGPPT | 1CL°0LS9E | €8L'8IIET | S9C°6S9LY | SE€6'VLSIC | 8IF028%Y | L98°9S0S ¢28'2596 | 689%8ICY VLS 6661 (01°0)%#%590D
000°0 £90°0 0¥%'8L9¢CT | 89C°CIV0OE | €FCC60IC | 690°LLEEy | 891°8086T | 689°CCHIV | €69T6SY 8L8°C6¥8 | 8CC'LSLSE 0%5°0LE8T (500)°%°90D
000°0 0€0°0 1GL'T6L8 VoL 6LCLT | €1L°28861 | 126'9VLOV | PC8FPII8T | G20°C0€8E | C06'19¢h VLI'6€C8 | SCE9CLSE CSLLLSIT 2385900
9%C 0 000°T ¢rE'8€962 | S0S900%S | 600°S880€ | T66FELSS | CILLLIOE | 0V6'918FS 119°8LY 006°LSL 00%°S¥8%S 282'¢120¢e 40D ¢ Surnag
0000 SIL°0 GL6'6C661 | L60°660%F | 6CL9LLYC | €C0FISIS | $86°CEPee | €88°6VLLY | 0SICIIE 0TL°28€9 | 8¥ST¥699% L19°660¢2 (01°0)°#%%90D
000°0 ¢r0°0 CEG'SPILT | LOCOP98E | 9€8°8691C | SLS'89VPY | 809°CSI0C | ¢PS€C8Iy | 2€SCCIE Pr0° €109 | 616°C960% YLTH9G61 (50°0)#%590D
000°0 0€0°0 SICIVITL | SCV'8VLLTZ | 0P8 ELVOL | 66976S6€ | 69TLYILT | €8L'8C0LE | ¥8I'8VIY T0G°IPS8 | 9PL'SLIVE 6GL°06291 %8590
9¢T1°0 000°T 079°GLIYE | 89L6¥CC9 | SI9FCS9¢ | 1V P86Y9 | 0SP'CLSSE | €V6'TOLED 02S°6L9 9L2°6¥0T | $0C¥99€9 92€996S¢ 40D z Surnag
¢00°0 8€6°0 96'¥01SC | 98%9TCIS | €68°6099¢C | 0STHTEES | 6S6'L88SC | L9G'8EETS 182119 925°6¢8 8€LL2ECS 76€°658G¢ (01°0)°%°90D
0000 80¢°0 68690622 | SL9LOEOY | €CL'LC8¥C | €1L'88€0S | 089°'1€8¢C | 9¥0°9298% | 98G°L8FC 796'C06¥ | S€0°8208% 671¥2See (50°0)°#¥590D
0000 | 61000 | 0572507 | L03'L822h | GVW'E9LET | 829°68LOV | CSI'TLOIZ | WGG'SPESY | 29TBLYC | ZSI'99LP | 060°61HFY | 6I66¥SIT %5400
L19°0 000°T 016'8820€ | 068'8GL9G | L2CT'6€C1E | 0LS'T808S | ¢F09°TI80¢ | S8T'LO6VLS 160°9L¢ G8¥%°9GG COLI8YLS 9€€°L9L0¢E 40D 1 Surag
gl | Lrdhgle | d o Mot | dBor | . Moe | Bos | . Mos | d, Lo w00 | mwon | [amnpole ARSI




	Abstract
	1 Introduction
	2 Problem Formulation
	3 Meta-algorithm
	4 Optimization Subroutine
	5 Estimation Subroutine
	6 Experimental Evaluation
	7 Conclusions and Future Works
	References
	A Supplementary material for the paper ``Safe Online Bid Optimization with Uncertain Return-On-Investment and Budget Constraints''
	A.1 Optimization Subroutine Analysis
	A.2 Applying GCB to the Bid Optimization Problem
	A.3 GCBsafe Analysis (Complete Proofs)

	B Additional Experiments for the paper ``Safe Online Bid Optimization with Uncertain Return-On-Investment and Budget Constraints''
	B.1 Parameters and Setting of Experiment #1
	B.2 Additional Figures Experiment #2
	B.3 Experiment #3
	B.4 Experiment #4


