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Abstract

For centuries, it has been widely believed that the influence of a
small coalition of voters is negligible in a large election. Conse-
quently, there is a large body of literature on characterizing the
asymptotic likelihood for an election to be influenced, especially
by the manipulation of a single voter, establishing an O(\/Lﬁ) upper

bound and an Q( %) lower bound for many commonly studied vot-
ing rules under the i.i.d. uniform distribution, known as Impartial
Culture (IC) in social choice, where n is the number is voters.

In this paper, we extend previous studies in three aspects: (1) a
more general and realistic semi-random model, (2) many coalitional
influence problems, including coalitional manipulation, margin of
victory, and various vote controls and bribery, and (3) arbitrary and
variable coalition size B. Our main theorem provides asymptotically
tight bounds on the semi-random likelihood of the existence of a
size-B coalition that can successfully influence the election under a
wide range of voting rules. Applications of the main theorem and
its proof techniques resolve long-standing open questions about
the likelihood of coalitional manipulability under IC, by showing

that the likelihood is © (min { ‘%, 1}) for many commonly studied

voting rules.
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1 Introduction

For centuries, it has been widely believed that the influence of a
small coalition of voters is negligible in a large election. For exam-
ple, Condorcet commented in 1785, that “In single-stage elections,
where there are a great many voters, each voter’s influence is very
small” [12] (see the translation by McLean and Hewitt [45, pp.245]).
As another example, Hegel commented in The Philosophy of Right
in 1821, that “the casting of a single vote is of no significance where
there is a multitude of electors” (see the translation and comments
by Buchanan [10]).

Various types of influence were investigated in the literature. For
example, coalitional manipulation (CM for short) refers to the phe-
nomenon in which a coalition of voters have incentive to misreport
their preferences, so that the winner is more favorable to all of them.
The margin of victory (MoV for short) refers to the phenomenon in
which a coalition of voters have the power to change the winner
by voting differently, regardless of their incentives.

Accurately measuring the influence of voters is highly significant
and plays a central role in many other studies. A small influence
can be positive news or negative news, depending on the context.
For example, a small influence is desirable under various robustness
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measures, such as decisiveness [29], strategy-proofness [28, 62],
privacy [41]. On the other hand, a large influence is desirable in jus-
tifying the voting power of small groups of voters [5], and therefore
would encourage voter turnout [19, 60].

Building a realistic model to accurately measure the influence
of voters turns out to be a highly challenging mission. Clearly,
a sensible and informative measure cannot be completely based
on the worst-case analysis. Take coalitional manipulation with
a single voter for example: for many voting rules, there always
exists a situation where a voter can and has incentive to change the
election outcome by changing his/her vote, due to the celebrated
Gibbard-Satterthwaite theorem [28, 62]. Similarly, unless the voting
rule always chooses the same alternative as the winner, there exists
a situation where a single voter is highly influential, i.e., MoV = 1.

Consequently, there is a large body of literature on understand-
ing the influence of voters using average-case analysis, especially
for coaliational manipulation. Since the pioneering works by Pazner
and Wesley [53] and Peleg [54] in the 1970’s, much of the literature
has focused on characterizing the asymptotic likelihood for ran-
domly generated votes to be coalitional manipulable, as the number
of voters n — oo. Previous work has established an O( \/Lﬁ) upper

bound for many commonly-studied voting rules by a coalition of
constantly many manipulators, under the i.i.d. uniform distribution
over all linear orders, known as the Impartial Culture (IC) in social
choice. On the other hand, the quantitative Gibbard-Satterthwaite
theorems, e.g., [25, 47], established an Q(%) lower bound for a
single manipulator under all voting rules that are constantly far
away from dictatorships, under IC.

To the best of our knowledge, the only known matching lower
bound is the Q( #) bound for a single manipulator under the plural-

ity rule [64]. Little is known for arbitrary size of the coalition, other
means of coalitional influence such as margin of victory (MoV),
vote controls, and bribery [21], and/or other statistical models for
generating votes. Specifically, IC has been widely criticized of being
unrealistic (see, e.g., [49, p. 30], [27, p. 104], and [36]), which means
that the conclusion drawn under IC may only have limited implica-
tions in practice. See Section 1.2 for more discussions. Therefore,
the following question remains largely open.

How likely a coalition of voters can influence large elections
under realistic models?

The importance of answering this question has been widely recog-
nized, as Pattanaik [52, p.187] discussed for (coalitional) manipula-
tion soon after the discovery of the Gibbard-Satterthwaite theorem:
“For, if the likelihood of such strategic voting is negligible, then one
need not be unduly worried about the existence of the possibility as
such.”
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1.1 Our Contributions

We answer the question by characterizing the likelihood for many
commonly studied voting rules and many commonly studied coali-
tional influence problems under a semi-random model [24] proposed
in [76], which is inspired by and resembles the smoothed analy-
sis [70] and is more general than IC.

The semi-random model in this paper. For any coalitional influ-
ence problem X studied in this paper, including coalitional manip-
ulation (CM) and margin of victory (MoV), any voting rule r, any
budget B > 0, and any profile P, we use a binary function X (r, P, B)
to indicate whether there exists a coalition of no more than B voters
who can influence the outcome of r (with or without incentive)
according to X. That is, X (r, P, B) = 1 if a group of no more than B
voters are influential under P; otherwise X (r, P, B) = 0. For exam-
ple, CM(r, P, B) = 1 if and only if there exist a coalition of no more
than B voters who have incentive to misreport their preferences
to improve the winner. Let IT denote a set of distributions over all
rankings over the alternatives.

The max-semi-random likelihood of X under r with n agents and
budget B, denoted by )?f’fax (r, n, B), is defined as:

)?Ir{lax(r, n,B) £ supzcn Prp_z X(r, P, B) (1)
Similarly, the min-semi-random likelihood is defined as:
X2 (r,n, B) £ inf zepyn Prp.z X(r, P, B) ()

In other words, fﬁnax(r, n, B) (respectively, )?ﬁ“in(r, n, B)) upper-
bounds (respectively, lower-bounds) the average-case likelihood of
X, where the votes are generated independently (but not necessarily
identically) from worst-case distribution vectors in II”. When a
small influence is desirable (e.g., in the context of decisiveness,
strategy-proofness, and privacy of voting), a low max-semi-random
likelihood is good news, because it implies that the influence is
small regardless of the underlying distributions 7. On the other
hand, when a large influence is desirable (e.g., in the context of
voting power and turnout), a large min-semi-random likelihood is
good news.

The main result of this paper is the following characterization of
semi-random coalitional influence under commonly studied voting
rules.

Theorem 1. (Semi-random coalitional influence, informally
put). For many commonly studied influence problems X including
CM and MoV, many commonly studied voting rules r with fixed
number of alternatives m > 3, and any Il from a large class, there
exists a constant C1 > 0, such that for anyn € N and any 0 < B <
Ci1n, there exist non-negative integers dy'®* and d*®* that are no more
than m!, such that

(min{B + 1, va)%
(V)™= 4™

The full version of Theorem 1 also includes a similar characteriza-
tion for Xﬁ”n(r, n, B). The main merit of the theorem is conceptual,
because it illustrates a separation between the 0 case, the exponen-
tial case, and the polynomial cases, for a large class of settings. The
B+ 1 value in the numerator of the polynomial case is only used to
handle the B = 0 case. For any B > 1, the numerator is effectively

poly(min{B, Vn}).

iﬁnax(r, n, B) is 0, exp(—©(n)), or ©
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Technically, the proof of Theorem 1 also characterizes the con-
dition and d®* and d"®* for each case, but they are often not
informative due to the generality of the theorem, and are therefore
omitted in the theorem statement. Nevertheless, Theorem 1 and
its proof techniques can be applied to accurately bound the semi-
random likelihood in a wide range of settings of interest, sometimes
resolving long-standing open questions. See Procedure 1 and dis-
cussions after it in Section 4 for the high-level idea. We present
three examples of such applications in this paper.

The first application (Theorem 4) states that, for many com-
monly studied influence problems X including CM and MoV, many
commonly studied voting rules r, such as any integer positional
scoring rule, STV, ranked pairs, Schulze, maximin, or Copeland,
a large class of IT including IC, any coalition size B > 1, and any
sufficiently large n,

S -off .
o (r,nB)= min \/ﬁ

A straightforward application of Theorem 4 to CM under IC (Corol-
lary 1) not only closes the (Q(#) O(\/lﬁ)) gap for these rules
with B = 1 in previous work, but also provides asymptotically tight
bounds on the likelihood of CM for every B > 1: roughly speaking,
each additional manipulator (up to O(+/n)) increases the likelihood
of success by O( \/LE) under IC.

The second application (Theorem 5) establishes an O (min { %, 1})

upper bound on the likelihood of many types of coalitional in-
fluence, including CM and MoV, for all generalized scoring rules
(GSRs) [79], which includes all voting rules mentioned in this pa-
per. This supersedes all previous upper bounds discussed in this
paper and extends them to arbitrary B > 1 and a more general
(semi-random) model. Theorem 5 can be viewed as good news for
CM, as it states that the likelihood vanishes for any B = o(+/n) as
n — oo. It also suggest that there is a large room in either designing
natural voting rules with lower likelihood of CM, or improving the
Q( #) lower bound for voting rules that are constantly far away
from dictatorships [47].

The third application (Theorem 6) investigates a new coali-
tional influence problem called coalitional manipulation for the loser,
denoted by CML, which requires that a coalition of voters are in-
centivized to misreport their preferences to make the loser win.
We prove that, for any integer positional scoring rules with m > 3
(except veto), any II from a large class, and any sufficiently large n
and B,

CMLy (rs,n,B)=© mm{£ 1}m_l
11 $ 1 \/E’

While CML may be of independent interest, the main purpose of this
theorem is to illustrate that the likelihood of coalitional influence
can be much smaller than @(%) or even Q(ﬁ), can be non-

linear in B, and the degree of polynomial can depend on m. As
suggested by Theorem 6, for CML, each additional manipulator is
marginally more powerful when they are incentivized to make the
loser win. We are not aware of a similar result in the literature.

The settings and (asymptotically tight) bounds of Theorem 1 and
its three applications are summarized in Table 1.
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max/min X I Rule B Semi-random X
0, exp(—0©(n)), or
Thm. 1| both a large class any GSR [ [0,0(n)] o ( (min{B + 1, Vn})9 )
CM, MoV, & (\/ﬁ)m!—do
1
etc. (Sec. B.2) . commonly inl B
Thm. 4 Tuns € CHAD) | O8O0 | [1,09) © (min{£,1})
Thm. 5| max a large class any GSR [1,00) o (min {%, 1})
Int. Pos. Sco. . . (B ™!
Thm. 6 CML Tani € CH(IT) except ooty [B'o) | © (mm{ﬁ, 1} )

Table 1: Theorem 1 and its applications. X is a coalitional influence problem. In this paper, II is assumed to be strictly positive
and closed, see Section 2. “A large class” means that no additional assumption is made on II. 7r,y; is the uniform distribution
over all rankings. CH(II) is the convex hull of IT. GSR represents generalized scoring rules, see Section 2. B* is a constant that
does not depend on B or n. dy and dp are non-negative integers that are no more than m!.

Techniques. Notice that the histogram of randomly generated Likelihood of coalitional manipulability: upper bounds w.r.t. IC.

votes, called a preference profile, is a Poisson multivariate variable
(PMV), formally defined as follows.

DEFINITION 1 (Poisson multivariate variable (PMV)). Given
n,q € N and a vector & = (m,...,7m,) of n distributions over
{1,...,q}, an (n,q)-PMV is denoted by )2,;, which represents the
histogram of n independent random variables whose distributions are
{m1, ..., mn}, respectively.

It turns out that many coalitional influence problems under
commonly-studied voting rules can be modeled as PMV-instability
problems (Definition 4), where we are given a source polyhedron
Hs, a target polyhedron Hr, a set of vote operations O C RY, each
of which represents a type of changes to the histogram by the influ-
encers, and a cost vector ¢ for the vote operations in O. Then, given
n and B, we are interested in the semi-random likelihood for a PMV
to be unstable, in the sense that it is in Hs and can be changed to
Hr by performing vote operations in O under a budget constraint
B. We prove the following characterization of the PMV-instability
problem.

Theorem 2. (Semi-random instability of PMYV, informally
put). For any PMV-instability problem, a large class of II, anyn € N,
and any B > 0, the upper bound (respectively, lower bound) on the
PMV-instability problem falls into one of the following four cases:

0, exp(—0(n)), phase transition at ©(\/n), and phase transition at ©(n)

In the phase-transition-at-©(+/n) case, the likelihood increases to

its maximum poly~!(n) before B = ©(+/n). In the phase-transition-
at-O(n) case, the likelihood increases from exp(—©(n)) to its max-
imum poly~!(n) around B = ©(n). The formal statement of Theo-
rem 2 also characterizes conditions and asymptotically tight bounds
for the four cases.

Then, Theorem 1 naturally follows after Theorem 2 (more pre-
cisely, its extension Theorem 3 to the union of finitely many PMV-
instability problems).

1.2 Related Work and Discussions

Due to the large body of literature, below we briefly discuss some
closely-related work. More detailed discussions can be found in
Appendix A.

As discussed earlier, a series of work has established an O(Ln) up-

per bound on the likelihood of single-voter manipulability under
commonly studied voting rules w.r.t. IC [4, 26, 35, 43, 48, 51, 53,
54, 57, 64-67]. The likelihood of coalitional manipulability was
also considered for a few rules with certain sizes of the coali-
tion [53, 54, 57, 67]. All these results are straightforward corol-

laries of our Theorem 5, which implies an O (min (\%, l)) upper

bound for every B > 1 w.r.t. IC under a wide range of voting rules,
including (but not limited to) the ones studied in previous work.

Likelihood of coalitional manipulability: lower bounds w.r.t. IC.
A series of work on quantitative Gibbard-Satterthwaite theorems [18,
25, 33, 47, 80] established polynomial lower bounds on the likeli-
hood of strategic voting by a single manipulator (B = 1) w.r.t. IC.
Many of these results applied to any voting rule, and are therefore
more general than the CM part of Theorem 4 and Corollary 1. On
the other hand, Theorem 4 is stronger and more general in some
other aspects: it works for every B > 1, more coalitional influence
problems, and a more general and realistic (semi-random) model,
and it provides asymptotically tight bounds. Its application to CM
w.r.t. IC in Corollary 1 establishes an Q(\/LE) matching bound for

many commonly studied rules, among which this matching lower
bound was only known for the plurality rule [64].

Likelihood of coalitional manipulability: other distributions.
Results under i.i.d. distributions [46, 54, 58, 75, 79] demonstrated a
phase transition from powerless to powerful at ©(y/n) manipulators.
There is a large body of literature on the likelihood of CM under
the Impartial Anonymous Culture (IAC), which assumes that each
histogram happens equally likely and resembles the flat Dirichlet
distribution, by theoretical analysis [22, 23, 32, 37-39, 61, 68, 74] and
by computer simulations [31, 40, 56]. Both IAC and IC are mainly of
theoretical interest and “are poor proxies of political electorates” [50].

Other coalitional influence problems. All results in this paper
also work for MoV, which measures the stability of elections and
provides an upper bound on CM. Some previous proofs of upper
bounds on CM were done for MoV [64, 79]. The phase transition
behavior for CM also happens for MoV [46, 75]. Previous work
has also investigated expected MoV [55] and MoV for tournament
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rules [9]. The likelihood of MoV = 1 has been used to measure the
decisiveness of voting, sometimes called voting power, which plays
an important role in the paradox of voting [19] and in power indices
in cooperative game theory. For two alternatives under the plurality
rule, the voting power is equivalent to the likelihood of ties [30]. In
general, MoV = 1 and the election being tied are different events,
as shown in Example 6 and 7 in Appendix H.

Beyond CM and MoV, there is a large body of work on the com-
putational complexity of other types of coalition influence problems,
such as constructive/destructive control (making a designated al-
ternative win/lose) by adding/deleting votes, and bribery (different
changes in votes have different costs). See [21] for a recent survey
and see Appendix B.2 for their definitions. Little was known about
their likelihood of success, except [75], which does not provide an
accurate characterization as discussed in Appendix A. The full ver-
sions of our results in the Appendix provide the first asymptotically
tight bounds for these coalitional influence problems.

Semi-random analysis and smoothed analysis. Semi-random
analysis [7, 8] refers to the analysis under a model where the process
of generating instances has adversarial components and random
components. For example, in the smoothed complexity analysis [70],
the input to an algorithm is obtained from an adversarially chosen
“ground truth” plus a (small) random perturbation. This can be
viewed as the adversary directly choosing a distribution over data
(from a set of distributions). See [24] for a recent survey of various
semi-random models and complexity results under them. In this
paper, we adopt the semi-random model proposed in [76]. See
Section 2 for more discussions on its generality and limitations.

Technical novelty. While this paper takes a similar “polyhedral”
approach adopted in previous work on semi-random social choice [76-
78], the main technical tool of this paper (Theorem 2) is a significant
and non-trivial extension of the main technical theorems in pre-
vious work, especially [77, Theorem 1], which can be viewed as
a special case of our Theorem 2 with Hs = Ht and B = 0. The
hardest part is the polynomial lower bounds, whose Hs = Hr and
B = 0 case was proved in [77, Theorem 1] by explicitly enumerating
sufficiently many target integer vectors for the PMV. However, due
to the generality of the PMV-instability problem, we do not see
an easy way to perform a similar enumeration. To address this
technical challenge, we take a different approach by first pretend-
ing that the PMV can take non-integer values, then enumerating
(possibly non-integral) vectors that are far away from each other
by exploring two directions: the direction that represents no bud-
get (i.e., B = 0) and the direction that represents infinite budget
(i.e., B = 00), and finally proving that for each such (possibly non-
integral) vector, there exists a nearby integer target vector for the
PMV. See Section C.3 for the intuitions and a proof sketch, and
Appendix E.2 for the full proof. We believe that our Theorem 2
is a useful and general tool for studying likelihood of coalitional
influence, as exemplified by its applications to prove Theorem 1,
Theorems 4-6, and Corollary 1.

2 Preliminaries

For any q € N, let [q] = {1,...,q}. Let A = [m] denote a set of
m > 3 alternatives. Let L(A) denote the set of all linear orders
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over A.Let n € N denote the number of agents (voters). Each agent
uses a linear order R € L(A) to represent his or her preferences,
called a vote, where a >R b or {a} >g {b} means that the agent
prefers alternative a to alternative b. The vector of n agents’ votes,
denoted by P, is called a (preference) profile, sometimes called an
n-profile. The set of n-profiles for all n € N is denoted by L(A)* =
Uz L(A)". A fractional profile is a profile P coupled with a
possibly non-integer and/or negative weight vector dp = (wg : R €
P) € R™ for the votes in P. Sometimes the weight vector is omitted
when it is clear from the context.

For any (fractional) profile P, let Hist(P) € R’Z"(!) denote the
anonymized profile of P, also called the histogram of P, which
contains the total weight of every linear order in £ (A) according
to P. An irresolute voting rule 7 : L£L(A)* — (271 \ {0}) maps a
profile to a non-empty set of winners in A. A resolute voting rule
r is a special irresolute voting rule that always chooses a single
alternative as the (unique) winner. Often a resolute rule is obtained
from an irresolute rule by applying a tie-breaking mechanism, e.g.,
lexicographic tie-breaking, which chooses the co-winner with the
smallest index as the unique winner.

Integer positional scoring rules. An (integer) positional scoring
rulery is characterized by an integer scoring vector s = (s1,...,5m) €
Z™ with s; > s3 > -+ = s, and s1 > sp. For any alternative a
and any linear order R € L(A), we let S(R, a) = s;, where i is the
rank of a in R. Commonly studied integer positional scoring rules

include plurality, which uses the scoring vector (1,0,...,0), Borda,
which uses the scoring vector (m —1,m—2,...,0), and veto, which
uses the scoring vector (1,...,1,0).

Generalized scoring rules (GSRs). All voting rules studied in
this paper are generalized scoring rules (GSRs) [79]. We recall the
definition of GSRs based on separating hyperplanes [46, 81] as
follows.

DEFINITION 2. A generalized scoring rule (GSR) r is defined by
(1) a set of K > 1 hyperplanes[jl = (hy,...,hg) € ®R™)K and (2)
a function g : {+,—,0YK — A. For any profile P, we let r(P) =
g(SignFI(Hist(P))), where Signﬁ(fc') = (Sign(hy - X), ..., Sign(hg
X)) represents the signs Of;ll "% ... hg-% WhenH € (Z™HK ris
called an integer GSR (int-GSR).

ExampLE 1 (Borda as a GSR). Let m = 3. Borda with lexico-
graphic tie-breaking is a GSR with K = m and H = {hy, ha, h3}
defined as follows.

X123 X132 X213 X231 X312 X321

hi= ( 1, 2, -1, -2 1, -1 )
hy = ( 2, 1, 1, -1, -1, -2 )
hs3= ( 1, -1, 2, L, -2 -1 )

Let X = (x123, X132, X213, X231, X312, X321) denote the histogram of a
profile, where x123 represents the number of [1 > 2 > 3] votes. It
follows that l_;l - X is the Borda score of alternative 1 minus the Borda
score of 2 in the profile; I;Z - X is the Borda score of alternative 1 minus
the Borda score of 3 in the profile; and };3 - X is the Borda score of
alternative 2 minus the Borda score of 3 in the profile. The g function
chooses the winner based on Signz (Hist(P)) and the tie-breaking
mechanism.

"g
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Coalitional influence problems. Let r be a resolute rule, P be
a preference profile, and B > 0 be a budget. Coalitional manipu-
lation (CM) is defined by a binary function CM(r, P, B) such that
CM(r, P, B) = 1 if and only there exists P’ C P with |P’| < B and
P* with |P*| = |P’|, such that for allR € P’, r(P — P’ + P*) >g r(P).
The margin of victory (MoV) is a function MoV(r, P, B) such that
MoV(r,P,B) = 1 if and only if no more than B voters can coali-
tionally change the winner (regardless of their preferences and
incentives).

See Appendix B.1 for definitions of some other commonly stud-
ied voting rules (which are GSRs), i.e., ranked pairs, Schulze, max-
imin, Copeland, and STV, and Appendix B.2 for the definitions of
some other commonly-studied coalitional manipulation problems,
i.e., constructive/destructive control by adding/deleting votes and
bribery. Many results in this paper apply to these rules and coali-
tional influence problems, as stated in their full versions in the
Appendix.

Semi-random likelihood of coalitional influence. As discussed
in the Introduction, given a coalitional influence problem X, a set IT
of distributions over £(A), a voting rule r, a number of voters n €
N, and a budget constraint B > 0, the max-semi-random likelihood
of X (max-semi-random X for short), denoted by iﬁ“a"(r, n,B), is
defined in Equation (1). Similarly, the min-semi-random likelihood
of X (min-semi-random X for short), denoted by )?ﬁﬁn(r, n, B), is
defined in Equation (2).

Assumptions on IT. Throughout the paper, we make the following
two assumptions on II: (1) strict positiveness, which means that
there exists a constant € > 0 such that the probabilities over all
rankings in all 7 € II are larger than €, and (2) closedness, which
means that IT is a closed set in the Euclidean space.

Clearly, IC corresponds to IT = {7y}, where myy; is the uniform
distribution over £L(A). Let us take a look at another example of
IT and its corresponding semi-random likelihood.

ExAMPLE 2 (Semi-random CM under Borda). Let X = CM
and r = Borda with lexicographic tie-breaking. Let A = {1, 2,3}
and 11 = {n!, 7%}, where 7' and n® are distributions in Table 2.

123 132 231 321 213 312
] 1/4 | 1/4 | 1/4 [ 1/12] 1/12 | 1/12
7112 112|112 1/4 | 1/4 | 1/4
Table 2: T in Example 2.

Whenn = 2 and B = 1, we have
CMp;" (Borda, 2,1) = SUP3e (1 z2}n Prp_z CM(Borda, P)

That is, the adversary has four choices of 7, Le., {(71'1, 7r1), (711, 71'2),
(%, 7Y), (%, 7%)}. Each 7 leads to a distribution over the set of all
profiles of two agents, i.e., L(ﬂ)z. As we will see later in Example 5,
for every sufficiently large n, CMy; (Borda, n, 1) = @(\/Lﬁ).

Generality and limitations of the semi-random model. There
are two major limitations of the semi-random model studied in this
paper: the independence of noises among agents’ preferences, and
the strict positiveness of II. While results on general models are
always desirable, these limitations may not be as strong as they
appear in the social choice context, due to the following reasons.
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o First, the independence of agents’ noises is a common assump-
tion in classical models for human’s preferences and behaviors,
such as random utility models [71] and discrete choice models [72].
Notice that in our semi-random model, the adversary is allowed to
choose any combination of distributions in II for the agents, which
means that the agents’ “de-noised” preferences can be arbitrarily
correlated.

e Second, straightforward relaxations of strict positiveness of
II easily leads to trivial and negative results. For example, if we
allow some probabilities to be 0, then IT may contain “deterministic”
distributions that have 100% probability on some rankings, and in
such cases the semi-random analysis degenerates to the worst-case
analysis.

After all, we believe that the semi-random model studied in this
paper, which extends IC, is a step forward towards a more realistic
measure of voters’ influence. How to incorporate dependent noises
among agents and how to relax the strict positiveness of II (e.g.,
by allowing the lower bound on probabilities in IT to depend on
n, such as %) are important and challenging directions for future
research.

3 Main Result: Semi-Random Coalitional
Influence

THEOREM 1. Let r denote any int-GSR with fixed m > 3. For any
closed and strictly positive Il and any X € {CM, MoV}, there exists
a constant C1 > 0, such that for anyn € N and any B > 0 with
B < Cqn, there exist {dg‘ax, dgax, dgﬁn, d?in} C [m!] such that

XmaX(r n B) is 0, exp(—0©(n)), or ® o
4 (7, n, B) is 0, exp(~6(n) E

min{B + 1, \/ﬁ}diﬂin )

min{B + 1, yn}9 " )
———— | and

X™in (. B) is 0, exp(-O(n)), or © _
i ()=

As explained in the Introduction, the main merit of Theorem 1
is conceptual, as it illustrates a separation between 0, exponen-
tial, and polynomial cases of different degrees. The most inter-
esting part is the asymptotically tight polynomial lower bounds,
because little was known about them even under CM, IC,and B =1,
as discussed in Section 1.2. The theorem works for many other
commonly-studied coalitional influence problem such as those de-
fined in Appendix B.2, as indicated in the full version of the theorem
in Appendix C.2.

Overview of the proof of Theorem 1. The proof proceeds in
three steps. In Step 1 (Section 3.1), we model commonly-studied
coalitional influence problems, including CM and MoV, under GSRs
as unions of multiple PMV-instability problems (and the union is
formally defined as PMV-multi-instability problems in Definition 6).
Then in Step 2 (Section C.3), we characterize the semi-random like-
lihood of the PMV-instability problem in Theorem 2. In Step 3, we
first extend Theorem 2 to solve the PMV-multi-instability problem
in Theorem 3, and then apply it to the PMV-multi-instability prob-
lems defined in Step 1 to prove Theorem 1. The full proof can be
found in Appendix C.2.



LSA’22, May 9-10, 2022, Online

—X123 — 2X132 + X213 + 2X231 — X312 + X321
—2X123 — X132 — X213 + X231 + X312 + 2X321

X123 + 2x132 — (x213 — 01) — 2(X231 + 01 + 02) + X312 — (X321 — 02)
—x123 + X132 — 2(x213 — 01) — (x231 + 01 + 02) + 2x312 + (X321 — 02)
—01 <0, —02 <0, —(x213 —01) <0, —(x321 —02) < 0,01 +02
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< 0 .

P 0 1 wins before
_3 ; 0 manipulation

<-1

P 0 2 wins after

< B manipulation

Figure 1: The linear system for ﬂ;;z in Example 3.

3.1 Step 1: Modeling

We start with an example of modeling CM as systems of linear
inequalities, which motivates the study of the more general PMV-

instability problem (Definition 4) and its extension PMV-multi-instability

problem (Definition 6).

ExAMPLE 3. Let A = {1,2,3} and letr be Borda with lexicographic
tie-breaking. Let ‘L{l_ﬂ denote the histograms of all n-profiles that
satisfy thefollowmg condltlons (1) the winner before manipulation
is 1, (2) a coalition of no more than B manipulators are motivated
to change the winner to 2 by casting different votes. Notice that only
the [2 > 1 > 3] voters and the [3 > 2 > 1] voters have incentive to
misreport their preferences (both to [2 > 3 > 1]). Let 01 (respectively,
02) denote the number of voters who change their votes from [2 >
1> 3] (respectively, [3 > 2 > 1])to [2 > 3 > 1].

Then, the histogram X of an n-profiles is in ‘L[;Ez if and only
if there exists an integer vector 6 = (01,02) such that (X,0) is a
feasible solution to the linear program illustrated in Figure 1, where
the objective is omitted because only the feasibility matters.

In Example 3, the effect of each manipulator can be modeled by its
changes to the histogram, and the manipulators aim at manipulating
vectors in a source polyhedron, which represents 1 being the winner,
into a target polyhedron, which represents 2 being the winner,
under the budget constraint B. This motivates us to define the
PMV-instability setting as follows.

DEFINITION 3 (PMV-instability setting). In a PMV-instability
setting S £ (Hs, Hr, 0, ¢),

o Hs and Hr are polyhedra in RY for some q € N, the subscript
S and T represent “source” and “target’, respectively. ForY € {S, T},
let Hy = {X € RY: Ay X @7 < (by)"}, where Ay is an integer
matrix of q columns;

o O C RY is a finite set of vote operations [75], and let O denote
the |O| X q matrix whose rows are the vectors in O;
0]

eCec R‘ is the cost vector for the vote operations in Q.
>0 P

W.Lo.g., in this paper we assume ¢ > 0 and the minimum cost of a
single operation is 1, i.e., minj<4[¢]; = 1. Given a PMV-instability
setting S, n € N, and a budget B > 0, we let U, p denote the
set of non-negative size-n integer vectors that represent unstable

histograms w.r.t. vote operations in O and budget B. That is,

Uy = J?EWSOZZO:)?
N —
fcisin(Hs

-1=n and 3 5€Z|>©2)| s.t.
~————

n-profile vote operations

-

X+0xO0 € Hy
————
manipulated to be in Hr

¢-0<B and
N—_——
budget constraint

EXAMPLE 4. In the setting of Example 3, ¢ = m! = 6. 711_’2 is the
set of unstable histograms of the PMV-instability setting where Hs
(respective, Hr) is the polyhedron that represents 1 (respectively, 2)
being the winner, O = {(0,0,—-1,1,0,0), (0,0,0,1,0,—1) } (the indices

. . 0,0,-1,1,0, 0
to rankings are the same as in Example 1), O = [0’ 0. 010, _1],
¢=(1,1).

We are interested in solving the PMV-instability problem defined
as follows.

DEFINITION 4 (PMV-instability problem). Given a PMV-instability
setting S = (Hs, Hr, O, ¢), a set I1 of distributions over [q], n € N,
and B > 0, we are asked to bound

max-semi-random instability: supz . Pr ()?;r € Uy, B) , and
min-semi-random instability: inf; _pn Pr ()?ﬁ €U, B)

That is, the max-semi-random instability (respectively, min-semi-
random instability) is the upper bound (respectively, lower bound)
on the probability for the PMV to be unstable, when the underlying
probabilities 7 are adversarially chosen from I1".

Notice that Example 3 only captures the coalitional manipula-
tion situations where alternative 1 is manipulated to alternative 2.
Similarly, we can define "Llrll;3, ’L[ﬁ;l, 112;3, (Ll?l;l, and 113_’2
Let M denote the set of the six PMV-instability settings, and let

UM = U VU VU VU v v
Then, we have
émgaX(Borda, n,B) = supzepn Pr (f(ﬁ c 7/{,?%) and
ﬁgin(Borda, n,B) =infz pn Pr (Xﬁ e rL('iV(B)
This motivates us to define the PMV-multi-instability setting.

DEFINITION 5 (PMV-multi-instability setting). A PMV-multi-
instability setting, denoted by M = {S* : i < I}, isaset of] € N
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PMV-instability settings, where St = (HL, ‘7—(711, 0}, ¢y, whose unsta-
ble histograms are denoted by (L{ril,B' Let (L(rf/é =Ui<r (L('il’B.

It turns out that many coalitional influence problems, such as
CM under Borda discussed above, can be modeled by PMV-multi-
instability settings, as shown in the following lemma.

LemMA 1 (Coalitional Influence as PMV-multi-instability).
For any X € {CM, MoV} and any GSR r, there exist a PMV multi-
instability setting M = {S* : i < I} such that for every n-profile P
and every B > 0, X(r, P, B) = 1 if and only if Hist(P) € ‘LI}%.

The full statement of the lemma (which covers other coalitional
influence problems) and its proof can be found in Appendix D.1. In
light of Lemma 1, the (max- or min-) semi-random likelihood of
commonly studied coalitional influence problems can be reduced
to the following problem.

DEFINITION 6 (The PMV-multi-instability problem). Given
a PMV-multi-instability setting M = {S* : i < I}, a set II of distri-
butions over [q], n € N, and B > 0, we are asked to bound

max-semi-random multi-instability: supzc» Pr ()2,; € ﬂrﬁg)
min-semi-random multi-instability: inf;p» Pr ()2;[ € ‘L[ri\%)

Like PMV-instability problems, the max-(respectively, min-) semi-
random multi-instability represents the upper bound (respectively,
lower bound) on the likelihood for the PMV to be unstable w.r.t. any
8! in M, when the underlying probabilities 7 is adversarially cho-
sen from IT".

3.2 Sketch of Step 2

To present the theorem, we introduce some notation, whose intu-
ition is presented in Appendix C.3.

Notation. For any budget B > 0, we let Hp denote the relaxation of
U B by removing the size constraint and the integrality constraints
on X and on 6. Recall that ¢ still needs to be non-negative. That is,

Hy 2 (e Hs: 36 e RE) 5035 < Band F+5x 0 € Hr

For example, Figure 2 (a) illustrates Hp in the shaded area. Hp is a
polyhedron because it is the intersection of Hs and the Minkowski
addition of Hr and the following polyhedron Qp:

Qs = {-5%0:5e R and7 5 < B}
Specifically, with infinite budget (B = o), we have
Hoo = {z eHs:FeR st 7+5x0e WT} = Hs N (Hr+Qoo)

For every B > 0, we define Cg to be the polyhedron that consists of
all (possibly non-integer) vectors in Hs < that can be manipulated
to be in Hr, <o by using (possibly non-integer) operations ¢ under
budget constraint B. That is,

Cp = {5567‘{550 :EIBERI;O())l st.¢-6<BandX+03xO0O eﬂ{T,So}

It is not hard to verify that Cp = Hs <o N (H1 <o + @p) and Cp
can be viewed as a “pseudo-conic” approximation to Hp, as Cp is
defined based on the characteristic cones of Hg and Hr, though Cp
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itself may not be a cone. Specifically, Cy and Cw will play a central
role in Theorems 2 and 3. It is not hard to verify that

Co = Hs,<o N Hr, <o, and

Co = {3? € Hs,<o:30 € ng‘ st.X+0xO0 € 7'{T,s0}

Figure 2 (b) illustrates Cyp (which is a line) and C (which is the
same as Hs <¢). Both Cy and Cs are polyhedral cones, because
the intersection Minkowski addition of two polyhedral cones is a
polyhedral cone. Notice that when B ¢ {0, 0}, Cp may not be a
cone.

For any set IT* C RY, let Byy- € R to be the minimum budget B
such that the intersection of IT* and Cp is non-empty. If no such B
exists (i.e., II* N Coo = 0), then we let By 2 co. Formally,

B+ £ inf{B* > 0:II" N Cp # 0}

Figure 2 (b) illustrates Bcyy(11) and Cpyy, in the shaded area, where

I = {x!, 7%} and CH(II) is the convex hull of II, which is the line
segment between 7! and 7 in this case.

For any set IT* C RY, we define Br_[* € R to be the minimum
budget B such that IT* is completely contained in Cg. If no such B
exists, then we let Bﬁ* £ co. Formally,

B £ inf{B>0:II" C Cg}

Next, we define notation and conditions used in the statement of
the theorem. Given a PMV-instability setting, II, B, and n, define

do = dim(Cp), deo = dim(Ceo), and da = doo — do,

where dim(Cy) is the dimension of Cy, which is the dimension of the
minimal affine space that contains Cy. We also define the following
five conditions:

K1 K2 K3
U,p=0 |CHI)NCw=0| CHI)NCo =0
K4 K5
CH(IT) € Cw | CH(ID) C Co

Recall that CH(II) is the convex hull of II. Because Cy C Cco,
dp > 0. Also notice that k2 implies k3, or equivalently, —x3 implies
—xy. Similarly, k4 implies x5, or equivalently, —x5 implies —k4.
Theorem 2. (Max-Semi-Random PMV-instability, B = O(n)).
Given any q € N, any closed and strictly positive I over q], and any
PMV-instability setting S = (Hs, H1, 0,¢ ), any C2 > 0 and C3 > 0
with Cz < Beym) < Cs, anyn € N, and any B > 0,

SUpzeqn Pr ()27-.5 € (Lln,B) =

Name Likelihood Condition

0 case 0 1

exp case exp(—0(n)) SR A K2

min{B + 1, yn}9
PT-© o ——1 - —K1 A =
(Vi) o BREELY -

exp(-0(n)) ifB< Con .

PT-O(n) Tod . otherwise, i.e.,
© ((\/_ﬁ)q m) if B> Csn | ~k1 A —k2 AK3

The full version of the theorem in Appendix C.3 also characterizes

the min part. The B+ 1 in both sup and inf are introduced to handle
the B < 1 case. For every B > 1, we have ©(B + 1) = ©(B). The
proof can be found in Appendix E.2.
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4 Applications

In this section, we present three applications of Theorem 1 (or more
precisely, the first and second steps of its proof) that lead to concise
and informative characterizations.

The overall approach. In light of the three steps of the proof of
Theorem 1, we propose the following two-step Procedure 1 for
characterizing a specific semi-random X for a specific voting rule
r, which correspond to Step 1 and 3 above, respectively.

Procedure 1: Characterizing semi-random coalitional in-
fluence X under voting rule r

Step (i): Model X under r as a PMV-multi-instability setting M

as done in Step 1 above.

Step (ii): Characterize the conditions and degree of polynomial

for M by applying Theorem 2 or 3 (in Appendix C.4).

Step (i) is often easy, and for Theorems 4 and 5 below, the model-
ing is the same as in the proof of Lemma 1. The hardness of Step 2
is highly problem-dependent, and we see two potential difficulties
in Step (ii): first, it is sometimes not easy to verify for which n, B,
and PMV-instability problem, the 0 case of Theorem 2 does not
happen; second, sometimes dy, and da can be hard to characterize.

The first application is a matching lower bound for many com-
monly studied GSRs, whose definitions can be found in Appen-
dix B.1. Recall that myy; is the uniform distribution over £ (A).

Theorem 4. Letr be an integer positional scoring rule, STV, ranked
pairs, Schulze, maximin, or Copeland with lexicographic tie-breaking
for any fixed m > 3. For any closed and strictly positive II with
7uni € CH(II), any X € {CM, MoV}, there exists N > 0 such that
foranyn > N and any B > 1,

)?{‘Imx(r, n,B) =0 (min {%, 1})

The full statement of Theorem 4 (including other coalitional
influence problems such as the ones defined in Appendix B.2) and
its full proof can be found in Appendix G.1. The next example shows
an application of Theorem 4 to Borda.

EXAMPLE 5. In the setting of Example 2, notice that myp; = %(ﬂ'l +
7?), which means that mr,n; € CH(IT). It follows from Theorem 4 that

for all sufficiently large n, mgax(Borda, n1) =0 (\/Lﬁ)

Theorem 4 leads to the following corollary on IC, where II =
{muni}-

CORROLLARY 1. Let r be an integer positional scoring rule, STV,
ranked pairs, Schulze, maximin, or Copeland with lexicographic tie-

breaking for fixedm > 3. ForanyX € {CM, MoV}, there exists N > 0
such that for anyn > N and any B > 1, Prp._ (5, yn(X(r, P, B)) =

© (min {% ).

The second application is an upper bound for all GSRs and all
closed and strictly positive II.

Theorem 5. Let r denote any GSR with fixed m > 3. For any closed
and strictly positive I1, any X € {CM, MoV}, anyn, and any B > 1,

Lirong Xia, RPI

)?ﬁnax(r, n,B) =0 (min {\%, l})

The full proof can be found in Appendix G.2. Theorem 5 immedi-
ately extends all previous O (\/Lﬁ) upper bound on CM for a single

manipulator (B = 1) discussed in Section 1.2 to any coalition size
B > 1, because all rules studied in these works are GSRs.

The third application studies a new notion of coalitional manip-
ulation that aims at making the loser win under integer positional
scoring rules. For any positional scoring rule, the loser is the alter-
native with the minimum total score.

DEFINITION 7. Given any integer positional scoring rule ry with
lexicographic tie-breaking, for any profile P and any B > 0, we define
CML(rg, P, B) = 1 if and only if a coalition of no more than B voters
have incentive to misreport their preferences to make the loser under
P win.

Clearly, under veto, no coalition of voters have incentive to misre-
port their preferences to make the loser win, i.e., CML(veto, P, B) =
0 for all P and B.

Theorem 6. Let rg be an integer positional scoring rule with lexico-
graphic tie-breaking for fixed m > 3 that is different from veto. For
any closed and strictly positive I1 with myn; € CH(II), there exists
N > 0 and B* > 0 such that for anyn > N and any B > B*,
mﬁa"(w n,B) =0 (min {i l}m_l)
5 Vi’
The proof can be found in Appendix G.3.

5 Summary and Future Work

We extend previous studies on average-case likelihood of coalitional
manipulation in elections in three aspects: (1) a more general and
realistic semi-random model, (2) many other coalitional influence
problems, and (3) arbitrary coalition size, by taking a polyhedral
approach and developing and applying the PMV-(multi)-instability
theorems (Theorem 2 and 3). While we do not think that results
in this paper are the final answers to the question in Introduction,
we do believe that they are a non-trivial step forward, because
they address long-standing open questions and expand the scope
of previous work to more general and realistic settings.

Moving forward, we see three natural directions for future work.
More realistic models: as discussed in Section 2, the semi-random
model in this paper assumes independent noises across agents and
a strictly positive I1. A natural question is how to relax these con-
straints to build a more realistic, and still tractable, model. Stronger
theorems: as discussed after Theorem 2, characterizing the con-
stants in the bounds is a natural open question. Additionally, as
discussed in the Introduction, Theorem 5 poses a challenge to de-
signing natural rules with lower likelihood of coalitional influence,
or improving the Q( #) lower bound (and extending it to B > 2).
More applications: how to develop informative characterizations
in the spirit of Theorem 1, as done in Section 4, for other rules,
other coalition influence problems, or other applications such as
matching, resource allocation, fair division, judgement aggregation,
are important and challenging tasks.
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A Related Work with More Details

Likelihood of coalitional manipulability: upper bounds under IC. Pattanaik [51] proposed to study the likelihood of strategic voting
by single manipulator and conjectured that the likelihood is smaller in larger elections. Pazner and Wesley [53] proved that the likelihood of
single-voter manipulability goes to 0 as n — oo under plurality. They also noted that the results can be extended to any coalition of n*
manipulators, where 0 < a < 1/2. Peleg [54] proved that the likelihood of single-voter manipulability under any representable voting system,
which includes positional scoring rules, goes to 0 under any positive i.i.d. distributions. Peleg also considered coalitional manipulation
problem, by noticing in footnote 2 that the result still hods for any coalition of 0(4/n) voters. Nitzan [48] demonstrated that the likelihood

decreases when n is large under Borda, plurality, and range voting. Fristrup and Keiding [26] proved an O (%) rate of convergence for

single-voter manipulability under plurality. Kim and Roush [35] proved that maixmin (a.k.a., Simpson’s method) can be manipulated by a
coalition of unlimited number of voters almost surely as n — oco. Slinko [64, 65, 66] proved an O (\/Lﬁ) upper bound for a single manipulator

under plurality with runoff, representable voting system, all voting rules based on the unweighted majority graphs, and Bucklin. Baharad and
1
n

preferences has small local correlations, which is more general than IC. Slinko [67] investigated the likelihood of coalitional manipulation by

Neeman [4] proved an O ( ) upper bound for a single manipulator under positional scoring rule, top cycle, and Copeland, when voters’

up to Cn® manipulator for any fixed 0 < a < 1/2, and proved an O((%)O'5 ~%) upper bound for any positional scoring rule with strictly
decreasing scores. Maus et al. [43] characterized the least manipulable rule by a single manipulator among tops-only, anonymous, and
surjective choice rules, to be the unanimity rules with status quo. Pritchard and Wilson [57] showed that, the likelihood for a coalition of
v+/n manipulators to succeed under a positional scoring rule is a function of v, and provided an algorithm based on integer linear program to
compute the minimum coalition size.

Likelihood of coalitional manipulability: lower bounds under IC. Slinko [64] proved an Q(%) lower bound under plurality for

a single manipulator. A quantitative Gibbard-Satterthwaite theorem was proved for m = 3 by Friedgut et al. [25], and was subsequently
developed in [18, 33, 80], and the general case was proved by Mossel and Racz [47], which implies that any voting rule that is constantly

away from any dictatorships, the likelihood of single-voter manipulability under IC is Q (m ,ie., Q( %) for any fixed m.

Likelihood of coalitional manipulability: simulations. Beyond theoretical work, there is also a large literature on comparing the
empirical coalitional manipulability of commonly-studied voting rules, mostly by computer simulations [1-3, 11, 31, 34, 56, 69]. These works
confirm that the likelihood for a large election to be manipulable by a single manipulator is low.

Likelihood of coalitional manipulability under other distributions. As discussed above, the convergence-to-0 result for representable
voting system in [54] works for any i.i.d. distributions, and the O(1/+/n) upper bound for positional scoring rule, top cycle, and Copeland by
Baharad and Neeman [4] works for distributions with small local correlations. Procaccia and Rosenschein [58] proved that for weighted
voters whose preferences are generated independently, positional scoring rules cannot be manipulated by o(+/n) manipulators almost surely
as n — oo. Xia and Conitzer [79] proved that for a large of class of voting rules and i.i.d. distributions that satisfy certain conditions, a

coalition of O(n%) manipulators is powerless when a < % as the likelihood for them to succeed is O(n®~%) ; and they are powerful

%, as the likelihood is lower bounded by 1 — exp(—Q(n)) in such case. Mossel et al. [46] illustrates a smooth transition from
powerlessness to powerfulness for a coalition of c/n manipulators with variable c. Xia [75] proved that for a large class of influence problems
including coalitional manipulation, under i.i.d. distributions, with probability that goes to 1 the number of voters needed is 0, @(y/n), @(n),
or impossible. The paper does not characterize the likelihood for each case. Durand et al. [20] used Condorcification to decrease coalitional
manipulable profiles, reduces coalitional manipulability under every probability distribution.

There is a large literature on the likelihood of coalitional manipulability under the Impartial Anonymous Culture (IAC), which assumes that
each histogram happens equally likely and resembles the flat Dirichlet distribution, based on theoretical analysis [22, 23, 32, 37-39, 61, 68, 74]
and computer simulations [31, 40, 56]. Both IAC and IC are mainly of theoretical interest and “are poor proxies of political electorates” [50].

when a >

Other coalitional influence problems. The margin of victory (MoV) of a profile is the smallest coalition of voters who can change the
winner by casting different votes (regardless of their preferences). MoV measures the stability of elections and provides an upper bound on
CM and some previous proofs of upper bounds on CM are done for MoV, such as [64, 79]. Pritchard and Slinko [55] proved that for any
positional scoring rule, the expected margin of victory under IC is ©(+/n) and characterized the voting rules with maximum expected MoV
under IC. Results in [46, 75] discussed above also apply to MoV. Brill et al. [9] studies the distribution of MoV for some tournament rules,
under a probability distribution on tournament graphs, where the direction of each edge is drawn independently and uniformly.

The likelihood of MoV = 1 has been used to measure the decisiveness of voting, sometimes called voting power, which plays an important
role in the paradox of voting [19] and in definitions of power indices in cooperative game theory. For two alternatives under the plurality
rule, the voting power is equivalent to the likelihood of ties [30] (see, e.g., [77] for a semi-random analysis on the likelihood of ties and
references therein). In general, the two problems are different, for example as shown in Example 6 and 7.

Beyond CM and MoV, there is a large body of work on the computational complexity of other types of coalition influence problems that
based on vote operations, such as constructive/destructive control (making a designated alternative win/lose) by adding/deleting votes, and
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bribery (different changes in votes have different costs and a total budget is given). See [21] for a recent survey. Little work has been done to
analyze their likelihood of success, except [75], which as discussed above, does not provide an accurate characterization.

B Extra Preliminaries

B.1 Other commonly studied voting rules

Weighted Majority Graphs. For any (fractional) profile P and any pair of alternatives a, b, let P[a > b] denote the total weight of votes in
P where a is preferred to b. Let WMG(P) denote the weighted majority graph of P, whose vertices are A and whose weight on edge a — b
is wp(a,b) = Pla > b] — P[b > a]. Sometimes a distribution 7 over L(A) is viewed as a fractional profile, where for each R € L(A) the
weight on R is 7(R). In this case we let WMG(r) denote the weighted majority graph of the fractional profile represented by 7.

A voting rule is said to be weighted-majority-graph-based (WMG-based) if its winners only depend on the WMG of the input profile. In
this paper we consider the following commonly studied WMG-based rules.

e Copeland. The Copeland rule is parameterized by a number 0 < a < 1, and is therefore denoted by Copeland,, or Cd, for short. For
any fractional profile P, an alternative a gets 1 point for each other alternative it beats in their head-to-head competition, and gets
points for each tie. Copeland,, chooses all alternatives with the highest total score as the winners.

e Maximin. For each alternative g, its min-score is defined to be mingc # wp(a, b). Maximin, denoted by MM, chooses all alternatives

with the max min-score as the winners.

Ranked pairs. Given a profile P, an alternative a is a winner under ranked pairs (denoted by RP) if there exists a way to fix edges in

WMG(P) one by one in a non-increasing order w.r.t. their weights (and sometimes break ties), unless it creates a cycle with previously

fixed edges, so that after all edges are considered, a has no incoming edge. Ties between edges are broken lexicographically. For

example, if 1 — 2 and 2 — 3 have the same weight, then 1 — 2 is chosen first. If 1 — 2 and 1 — 3 have the same weight, then 1 — 2

is chosen first.

Schulze. For any directed path in the WMG, its strength is defined to be the minimum weight on any single edge along the path.

For any pair of alternatives a, b, let s[a, b] be the highest weight among all paths from a to b. Then, we write a > b if and only if

s[a, b] > s[b,a], and [63] proved that the strict version of this binary relation, denoted by >, is transitive. The Schulze rule, denoted

by Sch, chooses all alternatives a such that for all other alternatives b, we have a > b.

STV with lexicographic tie-breaking mechanism. The (single-winner) STV with lexicographic tie-breaking chooses winners in m — 1
rounds. In each round, the loser of plurality under lexicographic tie-breaking is removed from the election. We note that this rule is different
from first computing STV winners under parallel universe tie-breaking [14] and then breaking ties among the co-winners.

Plurality with runoff. The plurality with runoff rule with lexicographic tie-breaking, denoted by Pro, chooses the winner in two rounds. In
the first round, the two alternatives with highest plurality scores are chosen (ties are broken lexicographically), and all other alternatives are
removed. In the second round, the majority rule with lexicographic tie-breaking is applied to choose the winner.

PROPOSITION 1. Any representable voting system with lexicographic tie-breaking is a GSR.

ProoF. The proof is similar to the proof that shows positional scoring rules with lexicographic tie-breaking are GSRs illustrated in
Example 1. Formally, we define the following score difference vector that is similar to the score difference vector defined for positional
scoring rules [76].

DEFINITION 8 (Score difference vector for representable voting system). For any scoring function s : L(A) X A — Rx¢ and any
pair of different alternatives a, b, let Scorez p denote the m!-dimensional vector indexed by rankings in L(A): forany R € L(A), the R-element

ofScoreZ p IS s(R,a) — s(R,D).

Let K = (}') and the hyperplanes are score difference vectors {Scorez pia€AbeAa# b}. For any profile P, Sign - (Hist(P)) contains
information about the comparisons of total scores of all pairs of alternatives, from which g chooses a winner and applies the tie-breaking
mechanism when needed. O

B.2 Other commonly studied coalitional influence problems

In the constructive control by adding votes (CCAV) (respectively, destructive control by adding votes (DCAV)) problem, we are given a
distinguished alternative d, and we let CCAV;(r, P, B) = 1 (respectively, DCAV;(r, P, B) = 1), if there exists a preference profile P* with
|P*| < B such that r(P + P*) = {d} (respectively, r (P + P*) # {d}).

In the constructive control by deleting votes (CCDV) (respectively, destructive control by deleting votes (DCDV)) problem, we are given a
distinguished alternative d, and we let CCDV4(r, P, B) = 1 (respectively, DCDV 4(r, P, B) = 1), if there exists P’ C P with |P’| < B such that
r(P — P*) = {d} (respectively, r(P — P*) # {d}).

For convenience, we let CONTROL denote the control problems introduced above, and let E-CONTROL denote their effective variants,
formally defined as follows.
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DerinITION 9 (Effective control problems). Define

E-ConTROL = {E-CCAV, E-CCDV, E-DCAV, E-DCDV} and

ConTRrOL = {CCAV, CCDV, DCAV, DCDV}

C Materials for Section 3

C.1 Constructive/Destructive Generalized Bribery with Anonymous Prices

In this section, we define two large classes of bribery problems that include some commonly studied control problems as special cases.

DEFINITION 10. A constructive generalized bribery with anonymous prices problem is denoted by CB,; z(r, P, B), where r is a voting rule,
P is a profile, a is a distinguished alternative, ¢ > 0isa strictly positive cost vector, where each component is indexed by a pair (R,R’) €
(L(A) UA{0}) x (L(A) U{0}) that represents the price for the briber to convert an R vote to an R’ vote, and B > 0 is the total budget. We are
asked whether the briber can make a win by changing the votes in the profile under the budget constraint B—if so then we let CB; z(r, P, B) = 1,
otherwise we let CB 4 z(r, P, B) = 0.

Destructive bribery with anonymous price problem, denoted by DB, z(r, P, B), is defined similarly, and the only difference is that the goal of
the briber is to make a not the winner.

Specifically, when R = 0, performing an (R, R’) bribery is effectively the same as adding an R’ vote to P; and if R” = 0, performing an
(R, R’) bribery is effectively the same as removing an R vote from P. Moreover, we allow the price of an (R, R”) operation to be oo, which
means that this operation is not allowed in the problem.

For each constructive/destructive control/bribery problem, we also study its “effective” variant, which requires that the influencers’ goal is
not achieved in the original profile. We will add “e-” to the name to denote this variant. For example, 8-CB, z(r, P, B) = 1if r(P) # {a} and a
can be made the winner under budget B.

ProrosiTION 2. CCAVy and CCDVy; are special cases of CB 4 z. E-CCAVy and -CCDVy are special cases of E-CB, z. DCAV 4 and DCDVy
are special cases of DB z. E-DCAVy and e-DCDV; are special cases of E-DB ;.

Proor. It is not hard to verify that CCAV (respectively, DCAV,) is equivalent to CB; z (respectively, DB z), where for any (R,R) €
1 ifR=0

0 otherwise

CCDVy (respectively, DCDVy) is equivalent to CB; ;z (respectively, DB z), where for any (R,R’) € (L(A) U {0}) x (L(A) U {0}),

(L(A) U{0}) X (L(A) U{0}), the (R,R") component of ¢, denoted by [C ] (g ), is

7] 1 ifRF =0
C ry =
(RR") 0 otherwise

The proofs for E-variants are similar. O

C.2 Full Version of Theorem 1 and Its Proof

Theorem 1. (Semi-Random Coalitional Influence, Full Version). Let r denote any GSR with fixed m > 3. For any closed and strictly
positive I1, any coalitional influence problem X € {CM, MoV, CBd,g(r, P, B), DBd,g(r, P, B)}, there exists a constant C1 > 0 so that for anyn € N
and any B > 0 with B < Cin, there exists {d(’)“ax, d(r)m“, dg‘a", dg‘in} C [m!] such that

_ B+ 1y}

X (r,n, B) is 0, exp(—=©(n)), or © % , and
(V)™=

min{B + 1, \/ﬁ}drAmn )

(V)

)?ﬁnm(r, n,B) is 0, exp(—0(n)), or ®

Proor. We continue with Step 2 and 3.

C.3 Step 2 of The Proof: The PMV-Instability Theorem

Let us start with some high-level intuitions for solving the PMV-instability problem (Definition 4) to motivate the statement and proof of
Theorem 2.

Intuition. If U, g = 0, then the (max- or min-) semi-random instability is 0, and we will refer to this as the 0 case. Suppose the 0 case does

not hold, i.e., U, p # 0, then we will adopt an approximation of Pr(}?ﬁ € U, p) based on the following two approximations.
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o First, let us pretend that all integrality constraints in the linear system (like the one in Example 3) are relaxed. That is, let us pretend
that )2,; can take non-integer values, and the vote operation vector 0 can be fractional (but still need to be non-negative). For simplicity,
assume that ¢ = 1. Then, the possible changes to the histogram as the result of a unit of budget is characterized by CH(QO), where
CH(-) represents the convex hull. It follows that U, g can be approximated by a polyhedron Hp, which is the intersection of Hs
and the Minkowski addition of Ht and Jy<p<p —b - CH(O). See Figure 2 (a) for an illustration of Hp in the shaded area, where
O = {01, 62}. Notice that Hp is in the —CH(Q) direction of Hr.

e Second, let us pretend that )_()ﬁ is distributed as a (g — 1)-dimensional Gaussian distribution N; (whose mean is Z;'l:1 mj € n-CH(II)) in

the hyperplane {¥ : ¥ - 1 = n}. This approximation is justified by various multi-variable central limit theorems, e.g., [6, 16, 17, 59, 73].

With these approximations, we adopt the following approximation of Pr()?,; € Uyp):

Pr(Xz € Upp) ~ Pr(N; € Hp) (3)

(a) Hp. (b) Bcu(iry and CBCH(]‘[)‘

Figure 2: Illustrations of some notation.

Now, let us take a look at the max-semi-random PMV instability in light of the approximation in (3). Because the probability mass of N
is mostly centered around an O(+/n) neighborhood of its mean, to maximize Pr(N; € Hp), the adversary aims at choosing 7 so that the
“volume” of the intersection of an O(+/n) neighborhood of Z;‘:l mj and Hp is as large as possible.

When B = O(+/n), it turns out that Hp is close to Hs <o N Hr <o, where for any polyhedron H 2 {# : Ax (¥) " < (b)T}, Heo = {¥:
AT
Ax ()T < (0) } denotes its characteristic cone, also known as the recess cone. Therefore, if CH(II) N Hs <o N Ht,<o = 0, then the mean

of )2,; is ©(n) away from Hs <o N Hr,<o, which implies that the likelihood is (exponentially) small due to straightforward applications of
Hoeffding’s inequality. We call this case the exponential case.

When B = O(+/n) and CH(II) N Hs, <o N Ht, <o # 0, the adversary can choose 7 € II" so that the mean of)ﬁf;r is either in Hs <o N Hr <o
or is O(1) away, which means that the likelihood is large. In this case, there is a phase transition at B = ©(yn), as it will be shown that
the likelihood reaches its (asymptotic) max at B = ©(+/n).

When B = ©(n), again, the adversary aims at choosing 7 € II" so that the mean of )27; is close to Hp. Let Bcpy(rry denote the smallest
budget so that a “pseudo-conic” approximation to Hp., () denoted by Cp and is formally defined below in (4), touches CH(II), which is the
convex hull of I1. See Figure 2 (b) for an illustration of Beyy(11) and Cpyy;, (the shaded area). It is then expected that when B < Beyrpy - 1,
the max-semin-random instability whould be small, and when B > Bcyy(ry) - . the max-semin-random instability whould be large. In other
words, the semi-random stability has a phase transition at B = O(n).

Nevertheless, characterizing the conditions and likelihood for each case is still challenging, as the approximation above is only meant to
provide a qualitative intuition. Existing multi-variate central limit theorems are often too coarse due to an Q(\/LH) error, as discussed in [77].



LSA’22, May 9-10, 2022, Online Lirong Xia, RPI

Notation. Let us define some notation to formalize the intuitions discussed above. For any budget B > 0, we let Hp denote the relaxation of
Uy, g by removing the size constraint and the integrality constraints on X and on 6. Recall that 0 still needs to be non-negative. That is,

Hy = {Sc’e(l-{S:EIBGR‘S)l s.t.?-BsBandJ'c'+5><Oe(HT}

For example, Figure 2 (a) illustrates p in the shaded area. Hp is a polyhedron because it is the intersection of Hs and the Minkowski
addition of Hr and the following polyhedron Qp:

>0

Qg = {—6><O .3 e RO and5~5sB}
Specifically, with infinite budget (B = o), we have
Hoo = {; eHs:Fo RS st 7+3%0 ewT} = Hs N (Hr + Qoo)

For every B > 0, we define Cp to be the polyhedron that consists of all (possibly non-integer) vectors in Hs < that can be manipulated to be
in Hr, <o by using (possibly non-integer) operations 6 under budget constraint B. That is,

Cp = {zews,so ;35 e RO st.8-5<Band¥+5x0 ewT,So} (4)

It is not hard to verify that Cp = Hs <o N (Ht,<0 + QB) and Cp can be viewed as a “pseudo-conic” approximation to Hp, as Cp is defined
based on the characteristic cones of Hs and Hr, though Cp itself may not be a cone. Specifically, Cy and C will play a central role in
Theorems 2 and 3. It is not hard to verify that
Co = Hs,<o N Hr, <0, and
Coo = {56 € Hs<o:30 € RIZOSI st.X+0xO0 € WT,SO} =Hs, <o N (Hr,<0 + Qo) (5)

Figure 2 (b) illustrates Cy (which is a line) and Coo (which is the same as Hs <¢). Both Cp and C are polyhedral cones, because the intersection
Minkowski addition of two polyhedral cones is a polyhedral cone. Notice that when B ¢ {0, o}, Cg may not be a cone.

For any set I[T* C RY, let By« € R to be the minimum budget B such that the intersection of IT* and Cp is non-empty. If no such B exists
(i.e., IT* N C = 0), then we let B = co. Formally,

B+ £ inf{B* > 0:1I" N Cg # 0} (6)
Figure 2 (b) illustrates Bcyy(rr) and CByyy in the shaded area, where II = {x!, 7%} and CH(II) is the convex hull of II, which is the line
segment between ! and 72 in this case.
For any set IT* C RY, we define Bjj, € R to be the minimum budget B such that IT* is completely contained in Cp. If no such B exists,
then we let Bﬁ* £ co. Formally,
B £ inf{B>0:II" C Cp} (7)
= oo in Figure 2 (b), because no matter how large B is, Cg € Hs, <o, and Hs <¢ does not contain all vectors in CH(II).

CH(IT)
Next, we define notation and conditions used in the statement of the theorem.

For example, B

DEFINITION 11. Given a PMV-instability setting, I1, B, and n, define
dp = dim(Cy), de = dim(Cc), and dp = deo — do,

where dim(Cp) is the dimension of Cy, which is the dimension of the minimal affine space that contains Cy. We also define the following five
conditions:

K1 K2 K3 K4 K5
U,p=0 | CHM) NCo =0 | CHII) NCy =0 | CH() C Co | CH(IT) C Cy

Recall that CH(II) is the convex hull of II. Because Cy C Cwo, dp = 0. Also notice that k3 implies k3, or equivalently, —x3 implies —k5.
Similarly, k4 implies ks, or equivalently, —ks implies —k4.

THEOREM 2 (Semi-Random PMV-Instability). Given any q € N, any closed and strictly positive IT over [q], and any PMV-instability
setting S = (Hs, Hr, O, ¢ ), any Cy > 0 and C3 > 0 with Cy < BCH(H) < C3,anyn € N, and anyB > 0,

Name Likelihood Condition
0 case 0 K1
exp case | exp(—O(n)) -K1 A K2
supzcmn Pr (X;, € ‘LIH,B) =9| P:0(\/n) |© (%) —K1 A —K3
n)4—ao
exp(-0(n)) ifB< Caon ise. i
PT-0(n) — : otherwise, i.e.,
® ((\/—ﬁ)q ‘x’) if B> Csn | =k1 A —k2 A K3
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CH(II)
Name Likelihood Condition
0 case 0 K1
exp case  |exp(—©(n)) —K1 A Kq
. > i da
infz e Pr (X;r € (Lln,B) =1| PT-O(vn) |© M —K1 A —Ks
(Y~
PTO(n) exp(-0(n)) fB<Cyn otherwise, i.e.,
O(n - . _
@((#)q d”) lfBZC3n —K1 A TKg4 A Ks

The B + 1 in both sup and inf are introduced to handle the B < 1 case. For every B > 1, we have ©(B + 1) = ©(B).

The four cases. Following the intuition presented at
the beginning of this subsection, we call the first case
of sup and inf in Theorem 2 the 0 case, the second
case the exponential case, the third case the phase © ((
transition at ©(\/n) case (PT-©(+/n) for short), and

the last case, which contains two subcases, the phase
transition at ©(n) case (PT-©(n) for short). Notice that

in each of the inf part, the likelihood is the same as its
counterpart for the sup case, but the conditions and

the threshold for the PT-©(n) case are different.

Figure 3 illustrates the (max- and min-) semi-random
instability as a function of B for exp case, PT-©(~+/n)

R

Likelihood A\ i

™)

PT-0(+/n) case

,/ PT-0(n) case

(B+1)%a
(\/ﬁ)q—do

case, and PT-O(n) case (for both sup and inf). Figure 4 I exp case

(a) illustrates condition k = [CH(II) N Ce = 0] for exp(-0(n)) et Sl il Fm-—————- -

the exp case of sup. Figure 4 (b) illustrates condition v y -
P p- Figure 4 (b) 0 () e(n) B

-k3 = [CH(II) N Cy # 0] for the PT-O(+/n) case
of sup. Figure 2 (b) illustrates condition —x2 A k3 =

[CH(II) N Cx # 0] A [CH(IT) N Cy = 0] for the
PT-O(n) case of sup.
X2\ R
[
51 }[5,50 = COO
ml Co
2
A
CH(IT) Hr o

Figure 3: Illustration of Theorem 2. The x-axis is in log scale.

(a) The exp case of sup.

X2\ R
[
0, Hs<o0=Co
! Co
Hr <o
CH(I)
2
X

(b) The PT-©(+/n) case of sup.

Figure 4: Illustration of the exp case and phase-transition-at-©(+/n) case of sup.

Limitations and usefulness of Theorem 2. Theorem 2 has two major limitations. First, we were not able to characterize max-semi-random

likelihood around Bey(ry) - 1 (respectively, min-semi-random instability around B

may be exponentially large in m.

cH(T) n). Second, the constants in asymptotic bounds
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Despite these limitations, we believe that Theorem 2 provides a general and useful tool for studying PMV-instability problems, because it
converts the complicated PMV-instability problems, which involve reasoning about the likelihood of discrete events (about the PMV) that
cannot be easily bounded by standard techniques, to deterministic geometric problems about CH(II), Cy, Ceo, do, and deo. It provides an
almost complete characterization of the PMV-instability problem, which can be easily applied to resolve long-standing open questions, e.g.,
in Corollary 1. Practically, dimg and dimp can still be hard to characterize, but at least Theorem 2 provides a useful guideline about what to
look for. See Section 4 for some examples.

Proof sketch of Theorem 2. At a high level, the proof follows after the intuitions presented in the beginning of this subsection. The hardest
part is the proof of the (asymptotically tight) polynomial bounds in the PT-©(+/n) case. Take sup and B = O(+/n) for example. To prove
the polynomial upper bound, our proof can be viewed as upper-bounding the “volume” of the intersection of an O(+/n) neighborhood of
Z;’zl mj and Hp. We prove that, in dy dimensions, the volume is large, and each such dimension contributes a multiplicative O(1) factor to

the likelihood; in dp dimensions, the volume is O(B), and each such dimension contributes a multiplicative O (ﬂ) factor to the likelihood;

n

and in the remaining q — d dimensions, the volume is O(1), and each such dimension contributes a multiplicative O( \/Lﬁ) factor to the

likelihood. Putting all together, this proves the desired upper bound

O(l)dOXO(B-'-l)dAXO(L)qdm_o M
Vi vl o (ma

To prove the polynomial lower bound, we first pretend that the PMV can take non-integer values, then enumerate (possibly non-integral)
vectors that are far away from each other by exploring two directions. The first direction is the convex hull of Cy, which is a (dy — 1)-
dimensional space that represents no budget (B = 0), and each such dimension contributes an Q(y/n) multiplicative factor to the total number
of desirable vectors. The second direction is the convex hull of Ce, which is a da-dimensional space that represents infinite budget (B = o0),
and each such dimension contributes an Q(B + 1) multiplicative factor to the total number of desirable vectors. Then, we prove that for each
such (possibly non-integral) vector, there exists a nearby integer vector, and apply the pointwise concentration bound [77, Lemma 1] to
prove the desired lower bound. The full proof can be found in Appendix E.2.

C.4 Step 3 of The Proof: Prove and Apply the PMV-Multi-Instability Theorem

In this subsection, we first extend Theorem 2 to solve the PMV-multi-instability problem (Definition 6) in Theorem 3, then apply it to prove
Theorem 1. For every i < I, we use superscript i to denote the notation defined for S'. For example, d, and d denote do and dj for S*. To
present the result, it is convenient to define the following graph.

DEFINITION 12 (Activation graph for PMV-multi-instability). Given a PMV multi-instability setting M = {S* : i < I}, n, and B, we
define a weighted undirected bipartite graph, called activation graph and is denoted by A, g, as follows.

o Vertices. There are two sides of vertices: CH(II) andA{Sl, ..., ST} A )
o Edges and weights. For any = € CH(II) and any S* € M, the weight on the edge between 7 and S*, denoted by w,, (7, S*), is defined
as follows: for every PMV-instability setting S, define

- ifwn,B =0
wup(r.8) £ “Togn U # 0 and ¢ Cy ®
do + dp - min {%, 1} otherwise

Notice that while the conditions in (8) depend on x, the values of wy, g(7, S) do not depend on , and they are chosen so that (y/n) "B
2n

i value in the second case is
ogn

corresponds to the values in the exponential cases and polynomial cases of Theorem 2. Specifically, the —

_ . 2n
chosen so that (y/n) ®em = exp(—n), which corresponds to the exponential cases.
Given the PMV multi-instability setting M = {S* : i < I}, B, and n, let wax denote the maximum weigh on edges in A, g and let
(7max, imax) denote an arbitrary edge with the max weight. That is,

Wax = maX;eCH(I),i<I {Wn,B(”,Sl)} and (Zmax, imax) = arg maX,;eCH(II),i<I Wn,B(”,Sl)

Let wiin denote the weight of the minimax weighted edge in A,, , denoted by (7min, imin), Where min is taken over all 7 € CH(II) and
max is taken over all edges connected to . That is,
Wiin £ mingecp(m) maxi< {wn,g(7, )}, Tmin £ arg min,ccp(mn) maxi<; wy,g(m, %),
and imin = arg max;<j W, (Tmin, Si)
Notice that imax and ipiy are both in [g] and Wmax, Wmin, imax, and ipjn depend on B and n, which are clear from the context.
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THEOREM 3 (Semi-Random PMV-multi-instability, B = O(n)). Given any q € N, any closed and strictly positive Il over [q], and any
PMV multi-instability setting M = {S* : i < I}, there exists a constant C1 > 0 so that for anyn € N and any B > 0 with B < Cin,

0 imeax =—®
o ; _ 2
sup Pr (X;r € Wr{\'};) = exp(—@)(;lz)w if Wimax = _lognn
el C) ((\/lﬁ) max) otherwise
0 if Win = —00
inf Pr( € (L{r{\'}}) = eXP(—@)(;?)W . if Wiin = _Iozgnn
el €] ((l) mm) otherwise
n

The proof can be found in Appendix F.1. Notice that in Theorem 3, when wmax > 0 and wjn > 0, we have

( 1 )q_w"“"‘ min{B + 1, ﬁ}dlAmax d ( 1 )q_w“‘i“ min{B + 1, ﬁ}dAmm
= an —_ =

N~ F— T 9)
(V1% G (V=™

vn

Recall from Lemma 1 that any coalitional influence problem X € {CM, MoV} under any GSR r can be represented by a PMV-multi-instability
problem. Therefore, Theorem 1 follows immediately after Theorem 3 and (9). O

D Materials for Section 3.1
D.1 Full Version of Lemma 1 and Its Proof

Lemma 1. (Coalitional Influence as PMV-multi-instability, Full Version). Forany coalitional influence problem X € {CM, MoV, CB; 3, DB 3, E-CB; 3, E
and any GSR r, there exist a set M = {S? : i < I} of I PMV-instability settings such that for every n-profile P and every B > 0, X(r,P,B) = 1 if
and only if Hist(P) € 'L[évé

Proor. We first recall some formal notation about GSR. For any real number x, let Slgn(x) € {+ —,0} denote the sign of x. Given a
set of K hyperplanes in the g-dimensional Euclidean space, denoted by H= (hl, .. hK) for any X € RY, we let Signg (X) = (Sign(x -

h).. .., Sign(x - hx)). In other words, for any k < K, the k-th component of Sign; (X) equals to 0, if p lies in hyperplane hk, and it equals to
+ (respectively, —) if p lies in the positive (respectively, negative) side of Ek. Each element in {+, —, 0}¥ is called a signature.

DErINITION 13 (Feasible signatures). Given integerﬁ withK = |Ijl| let Sk = {+,—, 0}K. A signature ¥ € Sg is feasible, if there exists
% € R™ such that Signg (%) = T. Let Sg € Sk denote the set of all feasible signatures.

The domain of any GISR 7 can be naturally extended to R™ and to Sp- Specifically, for any fe Sp we let 7(f) = g(7). It suffices to define
g on the feasible signatures, i.e., S5
See [78, Section D.2] for the GSR representatlons of some commonly-studied voting rules, espec1ally the rules defined in Appendix B.1.

Next, given H and a feasible signature £, we recall from [78, Section D.4] the definition of H HE that represents profiles whose signatures
are f.

DEFINITION 14 ((HH’; (‘H? in short)). For anyfl = (l;l, s ﬁK) e RHK and anyie S-, we let AT = AL |, where

o Al consists of a row —h; for eachi < K with t; = +.
o Al consists of a row h; for eachi < K witht; = —
. Aé consists of two rows —h; and h; for eachi < K witht; = 0.

Letb = [ -1, =1, 0 ].The corresponding polyhedron is denoted by HHTL or H in short when H is clear from the context.
——— —— ——
for AL for A forAg
Then, we formally define some vote operations that will be used in the proof.

DEFINITION 15. We define four vote operations as follows.

e Vote change: O, = {Hist(Ry) — Hist(R1) : Ri,Ry € L(A)}.
e Motivated vote change: for any pair of different alternatives a, b, let

0% = (Hist(R,) - Hist(Ra) : Ry, Ra € L(A) and b >p, a}
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e Generalized vote change: for any pair of different alternatives a, b, let
@1 = {HiSt(Rl), Hisl’(Rz), Hist(Rz) — HiSt(Rl) :Ri,Ry € L(ﬂ)}
We are now ready to define the PMV-instability settings whose union models the coalitional influence problems described in the statement
of the proposition.

e X = CM. For every pair of different alternatives a, b, and every pair of feasible signatures 7,, f;, such that r(z;) = {a} and r(},) = {b},
M contains L
(H'a, H™ 0% 1)
e X = MoV. For every pair of different alternatives a, b, and every pair of feasible signatures f,, fj, such that r(%;) = {a} and r(#,) = {b},
M contains L
(Hla, H™, 04,1)
X = CBg ;- For every every pair of feasible signatures f, 7, such that r(Z;) = {a} , M contains

(H', H', 0L, ¢)
X = DB, ;. For every alternative b # a, and every pair of feasible signatures t,;, such that () = {b}, M contains

(H! AP, 0%,7)
® X =£5-CB ;. For every every pair of feasible signatures 1,7, such that r(7) # {a} and r(%;) = {a} , M contains
(H' Ha, 0%, 8)
e X = £-DB, ;. For every alternative b # a, and every pair of feasible signatures T, T, such that r(%,;) = {a} and r(f;) = {b}, M

contains

(Ha H 07}, E)

E Materials for Section C.3

E.1 Properties of By and B[,
CramM 1. For any convex and compact set IT*, if B+ # oo then IT* N Cp, # 0.

Proor. Let {B; : j € N} denote a sequence that converges to B+, such that for all j € N, IT* N Cp; # 0.Forany j € N, let yj eI n Cs;
denote an arbitrary vector. Because IT* is compact, a subsequence of {jj; : j € N}, denoted by {j;, : i € N} converges to a vector j* € IT*.
Notice that 3, is in IT*, Hs <o, and both are closed sets. Therefore, j* € II* N Hs <o.

Next, we prove that §* € Cp,.. Forevery i € N, let 5, € RIZOE)I denote the operation vector such that ¢- 0, < Bj, and §j, +6;, X O € Hr <.
Let Xj, = §jj, +0j, X O. Because §;,’s are bounded (¢- 6j;, < By), there exists a subsequence {j] : i € N} of {ji : i € N} such that 5]-!{ converges

to a vector 6. It is not hard to verify that ¢ - 6* < B~ and {X;s = §jj; + 07 X O : i € N} converges to " + 0" X O. Because for all i € N,
¥jr € Hr <o and Hr, < is closed, we have §* +6" x O € Hr < as well. This proves that §j* € Cp,, which completes the proof of Claim 1. O

CraM 2. For any bounded set 11", if 1" C Co then Bp. # .

Proor. It suffices to prove that there exists B* > 0 so that IT* C Cg+. Because IT* is bounded, let Q denote any cube that contains
IT*. Because Q is a polytope and C is a polyhedral cone, Q N Cw is a polytope that contains IT*. Let the V-representation of Q N Cw be
CH({X1,...,Xy}) for some k € N. For every j < k, because X + j € Ceo, there exists B; > 0 such that X; € Cp,.Let B = max{By,...,Bi}. It
follows that IT* € Q N C C Cp+, which proves Claim 2. O

E.2 Proof of Theorem 2

Theorem 2. (Semi-Random Likelihood of PMV-Instability Problem). Given any q € N, any closed and strictly positive II over [q], and
any PMV-instability setting (Hs, H1, 0, ), any C2 > 0 and C3 > 0 with Ca < Beg(ry < C3, anyn €N, and any B > 0,

Name Likelihood Condition
0 case 0 K1
exp case | exp(—O(n)) -K1 A K2
supzcmn Pr (X;, € ‘LIH,B) =9| P:0(\/n) |© (%) —K1 A —K3
n)4—ao
exp(-0(n)) ifB< Caon ise. i
PT-0(n) — : otherwise, i.e.,
® ((\/—ﬁ)q ‘x’) if B> Csn | =k1 A —k2 A K3
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For any C; < BEH(H) <C;,anyn€N,andanyB > 0,

Name Likelihood Condition
0 case 0 K1
exp case  |exp(—©(n)) —K1 A Kq

. S i da

infz e Pr (X;r € (LIH,B) =1| PT-O(vn) |© M —K1 A —Ks

(V)=
PT-O(n) exp(-0(n)) fB<Cyn otherwise, i.e.,
(C] ((%)q_d“’) if B> C3_n —K1 A —K4 A Ks

Proor. We first prove the sup part of the theorem, then leverage the techniques to prove the inf part.

Proof for the sup part. For convenience, hyperlinks (in red) to the proofs of four cases are provided as follows.

0 case 0 K1
exponential case exp(—0(n)) K2
- exp(—O(n B < Can | —k2 A K
sup Pr (X,; € ‘Lln,B) = PT-O(n)-sup P(I () ’ nm —K1
zelln (C) ((W)qidw) B> C3n | =ka A K3

PT-©(v/n)-sup K3

(Yo

o min{B, \/ﬁ}dA )

Proof for the 0 case of sup is straightforward, because U, g = 0 states that the PMV-instability problem does not have a size-n non-negative
integer solution. In the rest of the proof for sup, it suffices prove the exponential case and the polynomial case for all n that are larger than a
constant N. This is because for any n such that the 0 case does not hold (which means that U, g # 0), and for every 7 € II",

Pr ()_(tﬁ. € (L{n,B) e [e" 1]
Therefore, for every n below a constant N, we have
sup Pr ()?,; € rLI,,J_E;) € [eN,1],
gelln
Proof for the exponential case of sup. Because CH(IT) N Co = 0, CH(II) is convex and compact, and Cw is convex, due to the strict
hyperplane separation theorem, for every 7 € I1", 3.1 ; 7; is Q(n) away from any vector in Ceo, which means that X7 | 7; is Q(n) away
from any vector in Heo, because Cw is the characteristic cone of H, as proved in the following claim.

CraM 3. The characteristic cone of Heo is Coo-

PRrROOF. We prove two general observations about characteristic cones. For each i € {1,2}, let H! denote a polyhedron whose V-

representation is V; + H_ o» Where V; is a convex polytope and ‘Hio is the characteristic cone of .

Observation 1. The characteristic cone of H! + H? is 7—@0 + ‘Hio. This is because
H + H? = (Vi + Vo) + (HLy+ HEy)
Here ﬂio +H?2  is indeed a finitely generated cone, because suppose for i € {1, 2}, Wio is the convex cone generated from B;, then

<0
it is not hard to verify that H_ + 7-(20 is a cone generated by 81 U B;.

Observation 2. If H! N H? # 0, then its characteristic cone is A1 0N H? o- This is proved by the H-representations of H?! and H2.

) ) AT
Suppose for each i € {1,2}, H! = {¥ : A; x ()T < (b;)T}, which means that Hy = {9? Ax (DT < (0) } Then, we have

1 2_ o | A1
H NH —{x.[A2

x (%" < (bl,bz)T},

Al ot (T
A [ @T < (o) }:w;onwgo.

Recall that Heo = Hs N (Ht + Qo). By Observation 1, the characteristic cone of Ht + Qw is HT < + Q. Then, by Observation 2, the
characteristic cone of Hoo is Hs, <o N (H1,<0 + Qoo ), Which is Co (due to (5)). O

whose characteristic cone is {55 : [
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Then, the upper bound in the exponential case of sup follows after a straightforward application of Hoeffding’s inequality and the union
bound (applied to all ¢ dimension). More precisely, recall that 7 is strictly positive, then Hoeffding’s inequality implies that for every i € [q],
the probability for the ith dimension of )?;T to be more than Q(n) away from the ith dimension of }} ;_; 7; is exponentially small. Therefore,
according to the union bound, the probability for the Lo, distance between )?;Z and 3’ j—; 7rj to be Q(n) is exponentially small, which implies
that the probability for )2,; to be in U, g is exponentially small. The lower bound in the exponential case is straightforward, because for any
7 € II" (recall that all distributions in 7 are strictly positive) and any X € Uy, g, Pr(;(;, =X) = exp(—0(n)).

Proof for the phase transition at ©(yn) case of sup (PT-O(y/n)-sup for short). The proof proceeds in the following three steps:
(B+1)% )

(V= |

e Prove the polynomial upper bound for B > +/n, i.e., O ((\/Lﬁ)q_d“’).

e Prove the polynomial upper bound for B < \n,ie., O

e Prove the asymptotically matching polynomial lower bound, i.e., Q

(Vm)a~o

We first introduce some notation and assumptions that will be used in the proofs. Let Ag = [

min{B + 1, Vn}9 )

A
AS ] and let A, denote an integer matrix that
T

characterizes Coo. That is,
AT
cw={feRq;wa(;)T < (o) }

The existence of such A is due to [13, Proposition 3.12], which states that any polyhedron that has a rational H-representation has a
rational V-representation, and vice versa. More precisely, because Hr, <o has a rational H-representation, it has a rational V-representation,
denoted by Cone({Xy,...,Xr}), where {X1, ..., X} C Q9. Then, we have

(]_{T,SO + Qoo = Cone({a_c'l, . ,J_C)k} U O),

which means that Ht <o + Qe can be represented by a set of linear inequalities with rational coefficients, due to [13, Proposition 3.12].
Consequently, Hs <o N (HT,<o + Qo) can be represented by a set of linear inequalities with rational coefficients, by combining the linear
inequalities for Hs <o and the linear inequalities for Ht <o + Q.

Let Aj and AZ, denote the implicit equalities of Ag and A, respectively. We have Rank(A{) = g — do and Rank(AZ,) = q — de ([13,
Theorem 3.17]). Next, we show that, without loss of generality, in the rest of the proof for PT-@(+/n)-sup, we can assume that 1 cannot be
represented as a linear combination of rows in Aj or a linear combination of rows in Ag,. Formally,

A
ASSUMPTION 1. Rank ([ TO ]) =q—dy+1

A=
ASSUMPTION 2. Rank([ T‘X’

):q—doo+1.

To see that we can assume Assumption 1, suppose for the sake of contradiction that Assumption 1 does not hold, which means that Tisa
linear combination of rows in A7 Then, for every ¥ € Co = Hs, <o N H,<0, we have X - 1 = 0. Therefore, CH(IT) N Cy = 0, which contradicts
—k3. Similarly, if Assumption 2 does not hold, then we have CH(IT) N Co = 0, which again contradicts -3, because Cy € Ceo.

Proof for the polynomial upper bound of PT-8(yn)-sup, B < yn.

Overview of proof. The proof proceeds in three steps. In Step 1, we use Ay and AZ, to define a partition of [q] into three sets I+, lp—, and
I1, which contain g — dy + 1, deo — do, and doo — 1 numbers, respectively. For convenience, we rename the coordinates so that

L,....q—doo+1,q—deo+2,....,q—do+1,q—do+2,...,q

I+ Ir- L

Let I14+ = Ip- U I; and let Iy = Ip+ U Ip—. Step 2 proves two properties of the partition. Let Hp, = {X € Hp : X - i= n} denote the subset of
‘Hp that consists of all size-n vectors. First, in Step 2.1, we prove that given the I14 coordinates of vectors in Hp ,, each of its remaining
coordinates (in Ip+) can take no more than O(1) integer values. Second, in Step 2.2, we prove that given the I; coordinates of vectors in Hpg p,
each of its remaining coordinates (in Iy) can take no more than O(B) integer values.

In light of Step 2.1 and Step 2.2, we can enumerate integer vectors § in Hp ,, as follows: first, we fix the I coordinates of ¥j; second, each
of the dp = doo — do coordinates in Iy takes no more than O(B) integer values; and finally, each of the g — dw + 1 coordinates in Io4 takes no
more than O(1) integer values. Then in Step 3, we leverage this enumeration method with the Bayesian network representation and the
point-wise anti-concentration bound in [77] to prove the upper bound.
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Step 1 of poly upper bound: Define the partition [q] = Ip+ U Ip— U I1. Let Py and P denote the affine hulls of Cyp and Ceo, respectively
(which are the same as the linear spaces generated by Cyp and Ce, because both contains 6) It follows from [13, Theorem 3.17] that

Py = {f eRY: AT x ()T = (B)T} and Peo = {55 eRI:AS X (D) = (6)T} (10)

That is, Py (respectively, Po) consists of vectors that satisfies of the implicit equalities of Ag (respectively, Ac).
A=
Let Ay = A°=° . We will define a partition of [q] as Ip+ U Ip— U I;, where |Io+| = ¢ — doo + 1, |Io—| = dp, and |I1]| = dp — 1, and the
partition satisfies the following two conditions.

e Condition 1. The Iy columns of [ —1>°° ] are linearly independent.

A=
e Condition 2. The Iy, U Iy— columns of [ —1»0 ] are linearly independent.

We first define two sets I], and I]_ as follows.

Define Ij, . Recall that Rank(AZ,) = g — deo. Therefore, AZ, contains a set of ¢ — do linearly independent column vectors, whose indices are
denoted by Ij, € [q]. W.lo.g. letIf = {1,...,q — d}—if this is not the case, then we shift the Ij, columns in AZ, to be the first ¢ — deo
columns and rename the coordinates.

Define I;_. Notice that the I(; . columns of A, are linearly independent (because their AZ, parts are already linearly independent). Because
Co € Coo, we have Py C P, which means that

S\ T
{feRq:A*x(f)Tz(O) }=Pooﬂ%=¢’0

This means that Rank(A.) = Rank(Ag) = g — do. Consequently, there exist a set of ¢ — do — (¢ — de) = doo — do = dp columns of A, whose
indices are denoted by Ij_ € ([q] \ I, ), such the I], UI; _ columns of A, are linearly independent. W.lo.g., let IJ_ = {g—dw+1,...,q—dp}.

A -
Notice that the I, columns of [ T°° ] are linearly independent (because their A5, parts are already linearly independent). Let J denote

the indices to columns of [ fo ] that are linearly independent with the I, columns. That is,

J= {i+ € ([q] \ I;,) : the I}, U {i+} columns of [ ATOO ] are linearly independent} (11)

By definition, we have J # 0, because according to Assumption 2,

.

Rank (

A7 -

i»°° ]) =Rank (A7) +1=q—deo+1>q—dw = |I}

Next, we define two specific columns: i1 € J and i— in the following two cases ( i+ = i in case 2), prove that the Iy, UIj_ U {i_} columns of
A

[ i»* ] are linearly independent (in Claim 4), and then use them to define Iy, Ip— and I;.

e Case 1: JNIj_ # 0. Let iy denote an arbitrary number in J N I;_ and let i— € ([q] \ (I;, U Ij_)) denote an arbitrary number such

A, . . . . .
that the I, UI;_ U {i_} columns of [ 7 ] are linearly independent. The existence of such i_ is guaranteed by the following two

A
observations. First, according to the definitions of I(’) , and 167, the Ié e 167 columns of [ T* ] are linearly independent. Second,

according to Assumption 1,

Rank([ él»* ]) ZRank([ ATO_ ])=Rank(AO:)+1=q—d0+l>q—d0=|Ié+UI(')_|

A
e Case 2: JNIj_ = 0. Choose any iy € J C I; and let i = iy. We now prove that the If, UI;_ U {i-} columns of [ T* are linearly

A
independent. Suppose for the sake of contradiction this is not true, which means that column i of [ —1»* ] can be written as an affine

Aw
A, .
combination of the I(; Y 16_ columns of [ 7 ] = | Ao [.This mean that column i_ of
1

A
Y°° ] can be written as the same affine
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A=
combination of the Iy, U I{_ columns of [ fo } Recall that J NI/ = 0, which means that in matrix [ f" ] each column in I} _ is

| AZ A
o ] Therefore, in [ fo ] column i_ is linearly dependent with the I(; . columns.

1
This contradicts the definition of i_, which is the same as iy € J.

an affine combination of the I(; . columns of

Notice that in both cases, the following claim holds.

AT
Cram 4. Thely, UIj_ U {i-} columns of[ { are linearly independent.

Iy
To+ = I, U {is}, Io- = I;_ U {i-}\ {i+}, and Iy = [q] \ (To+ U Ip-)

By definition, we have |Ip4+| = ¢ — dw + 1, |Io+| = do — deo, and |I1| = dp — 1. For convenience, we rename the coordinates so that

Define Iy, Ip—, and I;. Given I’

00 10— 1+ and i— defined above, we are now ready to define Iy4, Iy—, and I; as follows. Let

Iy ={1,...,q—do+ 1}, Ip- ={q—deo+2,...,q—dp+1}and I; = {g—do + 2,...,q}

A
Verify Condition 1. Because iy € J, the lp+ = Ij, U {i+} columns of [ -1‘30 ] are linearly independent (due to the definition of J in (11)),

which means that Condition 1 is satisfied.

Verify Condition 2. Recall that when defining i_, we proved that the Ip, Ulp— = I(’) MY, 167 U{i} columns of

A
{ ] are linearly independent.

A _ _ _
Because Rank ([ A°:° ]) = Rank(A.) = Rank(Aj) = q — do, each row in Ag, can be written as an affine combination of rows in Aj.
0

A -
Therefore, if some linear combination of the Ip+ U [j— = I(; Y, Ié_ U {i} columns of [ -1»0 ] equals to 0, then the same linear combination of

A o
the o+ U Iy = I(’) Y I(;_ U {i} columns of [ i»* equals to 0 as well, which is a contradiction to Claim 4. This verifies Condition 2.

In the remainder of the proof, we let
In=Iyy Ul and 1+ =1 U I)—
This leads to two partitions of [q], i.e,, [q] = Ip U L1 = Ip4+ U I14, which will be used in the next step.

Step 2 of poly upper bound: Bound the width of coordinates in Ip; and Iy. For any polyhedron H C RY, any I C [q], any 7j; € R/,
and any i € ([q] \ 1), let width;(H, 3;) denote the difference between the maximum value of the i-th component of vectors in H whose
I-components are §; and the minimum value of the i-th component of vectors in { whose I-components are #j;. Formally,

width; (H, ;) = maxzeqr,(z),=5, [X]i - mingegyz),=5, [X]i
Recall that Hp, = {X € Hp : X - i=n}lIn Step 2.1 and Step 2.2, we bound width; (Hp . 1) for I = 11 = Ip— UL} and I = I, respectively.

Step 2.1 of poly upper bound: Bound the width of coordinates in Iy;. In this step, we prove that there exists a constant C* such that
for any B, any n, any g_jIH e RI+ and any i € o4,

width; (Hp ., 1,,) < C*
Notice that Hpp € Hoopp = {¥ € Hoo : X - 1 = n}. Therefore, it suffices to prove the following stronger inequality.
width; (Heon, §r,,) < C* (12)

According to the V-representation of Heo, for any § = (§y,, j,,,) € Hoon € Hoo, We can write § = & + X, where 3 = (3, I, ) is in a convex
polytope and X = (X,,, Xy, ) is in the characteristic cone of Heo. Let n’ = X - 1. Next, we use Gauss-Jordan elimination to define a matrix Do

A
based on [ fo ] such that
J?Im = (£[1+,n’) X Do (13)
o . AL
By Claim 3, we have ¥ € Co € Po. Recall from Condition 1 that the first ¢ — de + 1 columns (i.e., the Ip; columns) of [ —190 }

00
-

are linearly independent, and recall from Assumption 2 that Rank (

]) = ¢q — de + 1. Therefore, Gauss-Jordan elimination on
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A= . LT
[ X x®@T = (0, n') leads to a de X (g — deo + 1) matrix D, such that

-

Azo T _ (R .7 T . Y _ (2 ’
X(xX) =(0,n if and only if X 4 = (X1,,,n") X Deo,

which proves (13).
Let Cpyax denote the maximum Lo, norm of vectors in V, which means that |J]co < Cpax. Then,

j-1-%-1)=15-1] < qCrmax

=
Let C denote the maximum absolute value of entries in Do and let C* = Cppax + Zquaxé. We prove that gjj,, is in a C* neighborhood of
(§1,,n) X Do in Lo, as follows.
|gIU+ - (gIH’ n) X D°°|°° = |5[0+ + )?I(H - (Z-;IH + J?IH’ n) X D"°|°°
=[5y, + (X1,,,n") X Deo — (1, + X1, 1) X Dooloo by (13)
=|510+ - (1711+, n— n') X Dooloo
<Cmax + 2¢CmaxC = C*
This proves (12) and completes Step 2.1.

Step 2.2 of poly upper bound: Bound the width of coordinates in Ij. In this step, we prove that there exists a constant C* such that for
any B > 0, any n, any g, € RI', and any i € I,
width; (Hp ., §1,) < C*(B+1) (14)

We first prove that for any X € Hp, there exists ¥’ € Cy that is O(B + 1) away from ¥ in Leo.

Cram 5. There exists C such that for any X € Hp, there exists X’ € Cy such that |X — ¥'|c0 < C(B+1).

Proor. The proof is done by analyzing the following two linear programs, denoted by LPg_[ and LPgOne whose variables are X and 6.

AT X (X+3x0)" < (bp)T

-

—-0<0

B B
LP‘H LPCone
max 0 max 0
AT
st. Asx (D)7 < (bs)T ot Asx (®)T < (o)

> T AT
ATX (Xx+0x0) < (0)

—-6<0

4

- -

c-0<B c-0<0

1

Because ¥ € Hp, there exists 3 > 0 such that X+ 3 X O € Hy and ¢ - ¥ < B. Therefore, (X, w) is a feasible solution to LP};;{. Notice that

LPg is feasible (for example 0 is a feasible solution) and LPE, and LPB only differ on the right hand side of the inequalities. Therefore,
one H Cone N .

due to [15, Theorem 5 (i)], there exists a feasible solution (X', w’) to LPgOne that is no more than gA max{|bg — 0|co, |bT — 0|0, B} = O(B+ 1)

away from (X, w) in Loo, where A is the maximum absolute value of determinants of square sub-matrices of the left hand side of LPg{ and

As 0
At Arx(0)" R o = . - L .
LPgone, ie., T T (0) . Recall that & > 0. This means that the —3 < 0 constraint and the ¢- 3 < 0 constraint in LP2 imply
0 I Cone
0 ¢
that = 0, which means that ¥ € Cy. This completes the proof of Claim 5. o

A7 >
Like in Step 2.1, we define Dy to be the matrix obtained from applying Gauss-Jordan elimination on [ To ] That is, for every X’ =

()?}0,3?;1) € Cy, letn’ =% -1, we have
;?}0 = (;?;1, n’) x Dy (15)
Next, we use Claim 5 to prove that for any § = (§,, y1,) € Hpn, [ — ((§1,,n) X Do, ¥1,) |0 = O(B + 1), which would prove (14).
For any §j = (§,, Jr,) € Hpn, let ¥’ = (9?}0, )?}l) € Cp denote the vector in Cy that is no more than C(B + 1) away from ¢ guaranteed by
Claim 5. This means that 55}1 and n’ are O(B + 1) away from #jj, and n, respectively, which implies that 55}0 = (3?;1, n’) X Dy is O(B + 1) away
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from (7j,, n) X Dg. Also because J?}O is O(B+1) away from 7jj,, we have that gy, is O(B+ 1) away from (ij,, n) X Dy. Formally, let dJ,,, denote
the maximum absolute value of entries in Dy, we have the following bound.

|5 = ((§1,, ) X Do, r,)leo = |31, = (41, ) X Doloo
<Igi1, = X} loo + |%], = (¥],,n") X Doleo + (%7, n") X Do = (gf;, n) X Doleo
SC(B+1)+0+|(9?}1 —Jp,n" —n) X Doleo by (15)
<C(B+1)(2qdgay + 1)
The last inequality holds because |5c'}1 — U leo < C(B+1) and |n’ — n| < gC(B + 1). This completes the proof of Step 2.2.

Step 3 of poly upper bound: Upper-bound the probability. Recall that )?;r = Hist(P), where P consists of n independent random
variables Y1, ..., Y, distributed as 7. Like [77], we represent each Y; as two random variables Z; and W; and a simple Bayesian network
based on the partition [q] = Ip U I;.

DEFINITION 16 (Alternative representation of Y1, ..., Y, [76]). Foreach j < n, we define a Bayesian network with two random variables
Zj € {0,1} and W; € [q], where Zj is the parent of W;. The conditional probabilities are defined as follows.
e Foreacht € {0,1}, letPr(Z; = £) = Pr(Y; € I).
e Foreacht € {0,1} and eacht < q, letPr(W; = t|Z; =) = Pr(Y; = t|Yj € I).
In particular, if t ¢ I, then Pr(W; = t|Z; = ¢) = 0. It is not hard to verify that for any j < n, W} has the same distribution as Y;. For any
Z € {0,1}", we let Idg(Z) C [n] denote the indices of components of Z that equal to 0. Given Z, we define the following random variables.
e Let WIdO(Z) 2 {W;:j €ldo(Z)}. That s, WIdO(Z) consists of random variables {W; : z; = 0}.
e Let Hist(Wjq,(z)) denote the vector of the g — do + 1 = |Ip| random variables that correspond to the histogram of Wyg, (z) restricted to
Iy. Technically, the domain of every random variable in Wyg, (z is [g], but since they only receive positive probabilities on Iy, they are
treated as random variables over Iy when Hist(Wyq, (z)) is defined.
o Similarly, let Wig, (z) = {W; : j € Idy (Z)} and let Hist(Wyg, (z)) denote the vector of |I1| = dp — 1 random variables that correspond
to the histogram of Wq, (z).

Let ‘Hgin = Hpn NZ1. For any ij; € Zioofl, we let W§n|gl denote the Iy components of j € ‘Hgin whose I; components are 7j;. Formally,

s ]z —do+1 | - -
W§n|gl = {yo € Z‘;O " (Fo. 1) € Wén}

We recall the following calculations in [77] for any 7 € II", which is done by first separating the |Idg(Z )| > 0.9en case (which happens
with 1 — exp(—Q(n)) probability) from the |Idy(Z)| < 0.9en (which happens with exponentially small probability), then applying the law of

> >

total probability conditioned on Z, and finally using the conditional independence in the Bayesian network (i.e., W’s are independent given

N

Z) to simplify the formula.

Prp_s (Hist(P) € H,) < > Pr(Z=Z) » P (Hist(vT/Id1 ) =i
Z€{0,1}™:|1dg(Z )| >0.9en ﬁxEZf%_l

Zzz)

x Pr (Hist(WIdo(;)) e HZ

,n Y1

( 7= z) +Pr(Jldo(3)] < 0.9n) (16)

To upper-bound (16), we will show that for any Z with |Idg(Z)| > 0.9¢n and any 3; € Zioo_l,

= do—q
zzz) :O((B+l)dA)xO(n7) 17)

nly

Pr (Hist(Wg, ) € H

Conditioned on Z = Z, Hist(VVIdo(g)) can be viewed as a PMV of [Idg(Z)] strictly positive independent variables over Iy = [q — do + 1].
Therefore, according to the point-wise anti-concentration bound [76, Lemma 3 in the Appendix], for any Z with [Id¢(Z)| > 0.9en and any
Q'o € Wl%n'gl’

do—q

. N Sy %-a do-q
Pr(Hlst(WIdo(z)):yo‘Z:z):O(|Id0(z)| 2 ):O(n 2 )

Then, to prove (17), it suffices to prove |74§n|y | =0(B+ 1)44). This is done by enumerating vectors in H ? as follows: According to

nlin
n|g, has no more than [C*(B+ 1) + 1] choices, and given the Iy—
components, each Iy, component has no more than [C* + 1] choices, where C* is the maximum value of the constants in Step 2.1 and 3.2.
Therefore,

Step 2.2 of the poly upper bound, each Iy component of vectors in 7’(%

[HE 5] < (CT+ DT (B+1) + )%~ = O((B+1)~D) = 0((B+1)™)

nl iy
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This proves (17). Then, combining (16) and (17), and following a similar argument as in [77], we have
Prp_; (Hist(P) € Uy p) < Prp_z(Hist(P) € H5 )

< 3 PZ=7) ) Pr(Hist(Wy,z) =0
ze{0,1}™:|Idy (Z)|=0.9¢n glezi%*l

Z:s)

X O((B+ l)d") x O (n%) + exp(—0O(n))
=Pr([Ido(Z)| > 0.9en) X O((B+ 1)) x O (ny) +exp(—-0(n))

q-do
B dp . (i)
(B+1) V=

This proves the polynomial upper bound for B < /n.

=0

Proof for the polynomial upper bound of sup for B > yn. Notice that for any B and n, Hp , € Hoo. Therefore, it suffices to prove the
following stronger claim, which holds for any B, any n, and any 7 € IT".

Cram 6. Foranyn and @ € II", Pr ()_(}r € ‘Hoo) =0 ((ﬁ)q’de‘).

Proor. The proof is similar to Step 3 of the B < /n case above. We will define a Bayesian network for the partition [q] = Ip+ U I1+, and
then apply (12) to enumerate vectors in (Hozoﬁ 5.,
DEFINITION 17 (Alternative representation of Y1, ...,Y,). For each j < n, we define a Bayesian network with two random variables
Z}' € {0,1} and W]T" € [q], where Z}' is the parent oij*'. The conditional probabilities are defined as follows.
e Foreacht € {0,1}, let Pr(Z;.r =) £ Pr(Yj € Lpy).
e Foreacht € {0,1} and eacht < g, letPr(Wj+ = t|Z;' =10) 2Pr(Yj =t|Y; € Iy).

In particular, if ¢ ¢ Ip4 then Pr(WjJr = t|ZJJ.r = ¢) = 0. It is not hard to verify that for any j < n, W;r follows the same distribution as Y;.

For any zZ € {0, 1}", we let Ido+(Z) C [n] denote the indices of components of Z that equal to 0. Given Z, we define the following random
variables.

o Let W' _ 2 {W:jeldy(7)}. Thatis, W* _. consists of random variables {W? : z; = 0}.
Ido. (2) J Ido. (2) o
o Let Hist(WIE (3)) denote the vector of the |Ip+| = ¢ — dw + 1 random variables that correspond to the histogram of WIE ) restricted
0+ 0+
to I()+.
e Similarly, let W .. = {W} : j € Id14+(Z)} and let Hist(W" ..) denote the vector of |I;+| = dew — 1 random variables that
Id1+(Z) 7 Id14+(Z)
: +
correspond to the histogram of W 4. ()"
For any 414 € ZIZIB, we let 7‘1%1,1 j., denote the Jo,. components of j € 7—(‘%’" whose [1+ components are 1. Formally,
s [= —dgtl =
7_{oZo,an, = {y0+ € Zgo o (Go+- Y1+) € Wg&,n}
Like Step 3 of the B < +/n case, for any 7 € I1",
Prp_z (Hist(P) € HZ )
< > Pr(Z*=%) Y P (Hist(WIEH(E)) =iy | ZT = z)
2€{0,1)7:|1dos ()| 20.9en 1ozl
X Pr (Hist(WIEm =) €Henlg, | 7= z) +Pr(|ldos ()] < 0.9€n) (18)

Following (12) and the point-wise anti-concentration bound [76, Lemma 3 in the Appendix], for any zZ with |Idg+(Z)| > 0.9¢n and any
U1+ € Z‘i"afl, we have

nlfm

Pr (Hist(ﬂflgm(z)) € 7—(0%,’

7*=3)=0(1)x0 (nd“’{q) (19)
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Then, combining (18) and (19) and recalling that Hist(P) is a size-n non-negative integer vector, we have

Prp_; (Hist(P) € Uy p) < Prp_z(Hist(P) € HZ )

7+ _ 2 sb (T F _z 7+ _ 2

< Z Pr(Z7 =72) Z Pr (HlSt(WIdH(Z)) =414+ | Z" = z)
ze€{0,1}™:|Id+ (Z )| >0.9¢n ghez‘i%o*l
do—q
X0 (n 2 ) + exp(—0(n))
- do—q 1 g-dw
=Pr(|Idg+(Z*)| = 0.9en) x O (n 2 ) +exp(-0©(n)) =0 (7)
n
This proves Claim 6. O

The polynomial upper bound for B > +/n follows after Claim 6.

min{B + 1, yn}9

Proof for the Q
( (V) 3=

) lower bound of PT-©(yn)-sup. It suffices to prove the lower bound for B < /i, because when

B > +/n, we have

- - 1 g4
sup Pr(Xz € Upp) = sup Pr(Xz e U, ) =Q ((—)q “),
Felln i " Felln g nn \n
which is the desired lower bound.
The proof for B < /n proceeds in three steps. In Step 1, for any strictly positive 7* € Cy, we identify an O(+/n) neighborhood of n - 7*

that contains Q ((B +1)4n . (ﬁ)d‘)_l) integer vectors in U, g. In Step 2, for any 7* € CH(II), we define 7° = (x7, ..., ;) € II" such that

Z?:l JT}’ is O(y/n) away from n - 7*. The lower bound is then proved in Step 3. Among the three steps, Step 1 is the most involved part, and
Steps 2 and 3 follow after similar proofs in [77].

Step 1 of poly lower bound: Identify Q ((B +1)9 . (vn) d"_l) vectors in U, p.

Overview of Step 1. The proof proceeds in four sub-steps. In Step 1.1, we prove in Claim 7 that there exists a constant C’ such that for
every (possibly non-integer) non-negative vector in Hg ,, there is an “accompany” integer vector in Uy, g that is at most C’ away in Le.
Then, we identify a set Rp ,, of possibly non-integer vectors in Hp ,, that are at least 2C” away from each other, and apply Claim 7 to obtain
a set ‘R% ,, of integer vectors in Uy p of the same size (as Rp.n). To define Rp ;,, we explore two directions in an O(+/n) neighborhood of
n - *: the P, direction and the Pe, direction (which we recall from (10) are affine hulls of Cy and Cw, respectively). More precisely, we will
first enumerate Q((\/ﬁ)d‘)_l) vectors in a Py neighborhood of n - 7* (defined as ﬂg in Step 1.2), and then enumerate Q((B + l)dA) vectors in
a neighborhood of n - 7* (defined as R} in Step 1.3) that is a complement of Py in Pc. Finally, in Step 1.4, we formally define Rp , and R%ﬂ

and prove that |Rp ,| = |R%n| = Q((B+1)% . (yn)%~1) and RBn €S HpnN Rio in Claim 8 and Claim 9, respectively.
Step 1.1: Define C’. We prove the following claim.

q

Cratm 7. There exists a constant C' that does not depend on n or B, such that for any ¥ € Hp, N R,

vector X' € Uy, p such that |X — ¥’ < C’.

there exists a (non-negative integer)

Proor. Consider the following linear program LPg ,, whose variables are X and o:

max 0
st. Agx (X7 < (bg)T
AT X (X +0 X O)—r < (bp)7
¥-1=n
. B
o

LPg, =

=L oL R
IA ]

vV o

>0

(=21

5

It is not hard to verify that, because X € Hp , N Rio, LPg ,, has a feasible solution (¥, 0) for some ¢ > 0 (which may not be an integer vector).

Recall that Uy, g # 0, which means that LPg , has a feasible integer solution. Therefore, by [15, Theorem 1], LPg , has an integer solution
(X’',0") whose L distance to (X, 0) is no more than (q + |O])A, where A is the maximum absolute determinant of square submatrices of
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Ag 0
At ATX (O)T
1 0
the matrix that defines LPg 5, i.e., -1 0 . Notice that this matrix does not depend on B or n. The claim follows after letting
0 ¢
-1 0
0 -1
C’ £ (¢ + |O|)A and noticing that (¥.,3") € U,B. ’ O

Step 1.2: Define ‘R(,),. Let 7’6‘ denote the size-0 vectors of Py. That is,

5 5 N AT
szpoﬂ{x:x'lzo}z{xeRq:[ TO

<7 = (1))

9 ]) Rank(A7) + 1 = g — do + 1, which means that dim(#;) = g — Rank (

Recall from Assumption 1 that Rank (

5 o

Therefore, P contains a basis of dy — 1 linearly independent vectors, denoted by B’ = {p1 oo pl - 1} Let L denote the lattlce generated
by B excluding 0. That i is,

dp—1
IL,O:{ZI_; Yi- pl Vi<dy—1,yi € Zand Ji < dp — 1s.t. yl;tO}
Let C? denote the minimum Lo, norm of all vectors in LY, i.e

C% = inf {|X|, : ¥ € L}

Next, we prove C? > 0. Suppose for the sake of contradiction that C° = 0. Then, there exist a sequence of vectors

- se

such that for all j € N, |#/|e < % Letj/ = (y{,...,yérl). Because |7/ |c > 1, we have

xJ
| J

% Notice that {y € R%-1 Yl = 1} is
y’ - . >

closed and compact, there exists a subsequence of {lf’);_l} that converges to a vector y* with |y* |o<, =1.Letx* = 2?21 ! Yi D 0 1t follows that

i

, 17/ 1o loo

Then, we use C° and B? to define a subset of % -9 U {0} as follows.

{I)’/’Jﬁ_jl 1jE€ N} converges to X*, which means that |¥*|co = lim;j c0 = 0. This contradicts the linear independence of vectors in B,

Ry = (Y it vi < do- e (01 LR (20)

i=1

By definition, R} C Py S Po, and for every vector ¥ € RY, we have ¥ - 1 = 0 and |¥|eo = O(y/n). The Value is chosen so that the Lo
distance between any pair of different vectors in R, is at least 2C”.

Step 1.3: Define Rp’. Recall that Py C Poo, dy = dim(Pp) and deo = dim(Ceo) = dim(Peo). In the following procedure, we define a set of dp
linear independent vectors B* C Cw, which are the basis of a complement of Py in Peo.

Procedure for defining B®.Let {p1,...,p,_} denote an arbitrary set of do, linearly independent vectors in Ceo, whose existence is
guaranteed by the fact that dim(Ceo) = doo. Start with B® = 0. For every 1 < j < doo, we add pj to B® if and only if it is linearly independent
with P9 U B®. At the end of procedure we have |B®| = do — do = dp. Wlo.g, let B® = {5*, ... ﬁd‘x’}

NE
Let Py = Span(B*). It follows that dim(%y) = da and

Py NPy = {0} and Py + Py = Poo (21)

For each i < dp, because p.° € Coo, we have p° € Hs <o and we can write §° = §° — 5°° x O, where §j° € Hr <o and 6° > 0. For every

i < dp, we must have Vv‘x’ # 0, because otherwise ﬁ‘x’ € Cy € Py, which contradicts (21), because 51'00 € Py. Recall that ¢ > 0. W.lo.g. we
can assume ¢ - w;° =1, otherw1se we divide ° by ¢ - W,

Let L® denote the lattice generated by B® excluding O. That is,
d D i .
L*= {Zi:Al ni-p;o :Vi<dpn€ZandJi <dpstn # 0}

Let C* denote the minimum distance between L* and Py. That is,

=inf {[¥* - |, : ¥* € L™, 7 € Po} (22)
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Following an argument that is similar to the proof of C® > 0, we have C* > 0. Formally, for the sake of contradiction suppose C* = 0. Then,
there exist two sequences of vectors

-] drn s .
{szzizlqi'pi :]EN}and{]EPO j €N},
such that for all j € N, |¥/ — /] < l Letij/ = (171, .. ryé ). Because |ij/|; > 1 and Py includes 0, the distance between 2 |'7 | and Py

7
is at most 7. Notice that {7 € R |7l = 1} is closed and compact, there exists a subsequence of { T } that converges to a vector

7" with |5*|; = 1. Let {jj; : i € N} denote the indices of the subsequence. Let X* = Zi:AI n; - p°. Because p°’s are linearly independent,
we have ¥* # 0. Then, {¥/' : i € N} and {§/" : i € N} both converge to ¥*. Because P is closed, we have ¥* € Py, which means that
%* € Py N Py = {0}. This contradicts (21).
Because U, 5 # 0, the infimum of all B* > 0 such that there exists n* € N so that Up: ,+ # 0 is well-defined, formally defined as B¥ as
follows.
=inf{B* > 0: 3n" € Ns.t. Up+ - # 0} (23)

We note that there exists n* € N such that Ug: p# # 0, because there are finite number of combinations of operations whose total budget is
under B, and B* is the minimum budget among the successful combinations (at a non-negative integer vector whose size is n*). Clearly

B > B*. Define
- dy 2C' _ (B-B*H)C™
Rp :{Z,Al ol pi° VlSdA,me{O,l,...,{W } (24)

where we recall that C’ is the constant guaranteed by Claim 7. Intuitively, Rp’ consists of some “grids” in &= ZC -1L*® U {6}, which is a subset
of Cwo, because for all i < dj, 151'00 € Coo.
Step 1.4: Define Rp , and 7?% - Recall the definition of B* from (23) that Ups ,+ # 0. Fix ¥ € Ups ;. Let X @ € C denote an arbitrary

As

interior point of Cy. That is, let Ag denote the remaining rows of Ag = [ A
T

] after removing the implicit equalities Ay, there exists a
constant €@ > 0 such that
T T T T
A} x (55@) < - (e@ . l) and Aj X (x@) = (0)
Let C@ > 0 denote an arbitrary constant such that
dy—1 T
s ZEIA X (BY) e

@
C >C0 @

(25)

The constraint on C@ in (25) guarantees that for any ¥° € RY, we have C@/n¥ @ + ¥ € Cp, which will be formally proved and used in the
proof of Claim 9 below.
For any n € N and any ¥ € R}, define

# 2@ . 7\ _ 2o T o# > 0
Ry =(n—n —COVn (%@ . 1) -%% - 1) - 1" +% +C@\/ﬁx@+7€n+x°°

It follows that the size of every vector in Rz« is n. Let Rp , = FoeRS Rz . The following claim states that vectors in Rp , are 2C” away
from each other in Lo, where we recall that C’ is the constant guaranteed by Claim 7.

Craim 8 (Sparsity of Rp ,,). For any pair of vectors X1, X2 € Rp, whose RS or Ry components are different, we have X! — ¥%| = 2C".

Proor. For j € {1, 2}, we write

oi i o - do—1 2C’ o dn 2C" ;
x]:ffn*+x#+C@\/ﬁx@+Z° pio+zA ——nl B

i=1 0 i=1 C®
where ¢! and ¢? guarantee that X! -1=#%%.1=n. Then,
o122 _ gl g2y o-12C 1
o= - +Z,:1 e R L Y 1;.0( -9 B
€Po

) R R
EZC%JLOU{O} €25 Leu{0}

For j € {1,2},let/ = (v/,..., yéﬁ_l) and ij/ = (r]{, . .,ryéA). Let 72 = 1 =72 and 5j2 = 7j! - #2. Claim 8 is proved in the following two cases.
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e 72 # 0. Notice thatZ (0} —172) -p;° € L. Recall that 7* € Cy C P9, which means that (2 —eYm* - Z?‘)ll el (yl yl.z)~§l.0 € Po.

According to (22), the L, distance between Zi:l (I]i - 17.2) - pi € L and any vector in Py is at least C*. Therefore,

21 - N do-1 2C’

8 = oo = (e = Ay + 3 S =) - lecm(n,—m)
_2C 2 1 * do—1 2C’
[Tt —@(w SR IR
2C’
>—.C%=2C
COO

e /i = 0. In this case we must have ¢! = £2 and A # 0. Notice that Zd" ! (yl yiz) ~ﬁi0 € LY, and recall that the Lo, norm of any vector
in L0 is at least C° > 0, we have
dp—1
21 _ =2 o 2y . 50
-l = 5 S

This completes the proof of Claim 8. m]

/
2£-C0=2C’
CO

o 1\ d,
By Claim 8, |Rpn| = (1 + {%J) % (L\/ﬁj)d"_l, which is Q((B+ 1) - (y/n)%~1). Next, we prove that for all sufficiently large n,
RBn C 7‘(3’,1 8l Rio

CramM 9 (Rp, € Hpn N IR;O). There exists N € N that does not depend on B or n, such that whenn > N, R, € Hpp N Rio
Proor. For any X € R B,n, We can write
=t + 37+ COVnx @ + 30+ %%

where ¥0 € R, ¥ ¢ Ry, and £ guarantees that % -1 = n. Recall that 7* € Cp is strictly positive. Therefore, X > 0 for any sufficiently large
n, which means that Rp ,, C RZ . The rest of the claim proves X € Hp ,, in the following three steps.

(1) CPynx@ + %% € Cp. Let ¥ = C@P/nX¥ @ + %0, we prove the following.
u 2T
(L1) A7 x ("’)T = (0) . Recall that ¥ @ is an interior point of Cy € Hs <o, which means that Aj % (f@)T = (0) . Also recall that
AT
Rg c PO, which means that Af % (550)-r = (0) . Therefore,

A7 x (&) = c@yiag x (@) a7 x (29) = (6)"

AT R aT
(1.2) A§ x (Q”) < (0) . Letx0 = 2?01 -4 y’ 0 .Recall that Af x (¥ )T < (—e@ . 1) , and recall the lower bound of C@ from
(25). We have

T do—1 2C i o\ T S\ T
A x (%) = C@ynAf x (J'c'@) +Z‘”i1 0 —y) A} x (pl.o) < (0)

(2) ¥ € Hs. Recall that 7* € Cy, ¥¥ € Ups » € Hs, and ¥ € Coo € Hs <p. Therefore,
Asx ()T =tAs x (1) T +Asx () T+ Agx (COVn¥@ +3%) T +Agx () T

—— —— ——
in Co in ([‘{s in C() in 7‘(550

< (6)T +(bg) " + (5)T + (5)T = (bs) "

This proves X € Hs.

,1coo’71P

(3) % is B-manipulable. Because X * € Up:, n# there exists 6 ¥ € Z|©| such that ¢-6* < B* and ¥ +6%x0 ¢ WT Let#® = Y% 2C ) peo
1. Let oy T=1i-0;°. We prove

Also recall that for all i < dA,pl. = yl. - l. x O, where 7 §° € Hr, <0, 0 Tz 0,and ¢-3%°
that ¢- 0* < B as follows.

3 =0o*+ Zd/\ 2C"

sk 2 dy 2C" L
¢-5*=¢-5%+ E ijlcf”m-aofo
Zd 2C’ (B-B")C®

SB#+ A #

e =B*+B-B* =B
i=1 C%° 2dAC”
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Then,
Arx (+5*x0)"
=tArx (1) T +AT x (FF +3F x0) + A1 x (COVnZ@ +3%)"
—— —————
in Gy in Hr in Cy
da ZC, =00  —00 T
+ Zm ool “AT X (p;° +0;° x0)
——e
=gieHr <0
T AT /T
< (0) +(bp)" + (o) + (0) =(bp)"
This proves that ¥ + 6* x O € Ht and completes the proof of Claim 9. m]

By Claim 7, for every X € Rp ., there exists X’ € U, p that is no more than C’ away from ¥ in Le. Because vectors in Rp,, are at least
2C’ away from each other, their corresponding vectors in Uy,  are different, denoted by R% ,, and is formally defined as follows.

Z VA ; . ; .
DEFINITION 18 (RB,n)' Let ﬂB,n denote the integer vectors corresponding to the vectors in Rp , guaranteed by Claim 7.

It follows that [RZ | = |Rg | = Q((B+1)% - (vn d=1) This completes Step 1 for poly lower bound.
B,n >

Step 2 for poly lower bound: Define 7° for any #* € CH(II). In this step, we define 7° = (x},...,7;) € II" such that Z;’:l 7'[; is

O(+/n) away from nz* in a way that is similar to [77].
More precisely, because 7* € CH(II), by Carathéodory’s theorem for convex/conic hulls (see e.g., [42, p. 257]), we can write 7* as the
convex combination of 1 < t < g distributions in II, i.e.,

= E Alaini,where E Ala,—zlandnieﬂ
1= 1=

We note that 7* > -1, because IT is strictly positive (by €). For each i < t—1, let iff denote the vector of f; = | £a; | copies of }". Let 7{1{; denote
the vector of f; = n—Zf;ll i copies of ;. It follows that for any i < t—1, |f;—fa;| < 1,and |B; —£ay| < t+ (- 1—ex*-1) = O(VE) = O(Vn).
Let 7° = (ﬁf, e ﬁf), or equivalently
7° = (ﬂf,...,ﬁf,]r;,...,ﬁ;,...,n;‘,...,n;)
—_— — —
B B Bt
Step 3 for poly lower bound: Lower-bound Prp_ ;t()? 7 € Hp).

Craim 10. For any PMV-instability setting S, any strictly positive set of distributionsII (by € > 0), and any a > 0, there exist Cg > 0 and
N > 0 such that foranyn > N, any0 < B < \/n, and any 7t € 1" such that the Lo distance between ZFI mj and Cy is no more than av/n,

- 1\ %
Pr(Xz e U,p) >Cs - (B+ l)dA . (—)
’ Vn

Proor. Let 7 € Cy denote an arbitrary vector such that | Z;’:l 7j — nr’|eo < 2av/n. Let R% ,, denote the set of integer vectors for 7*
(Definition 18 in Step 1.4 above). Because B = O(+/n), each vector in R%n is O(y/n) away from nz*, which is O(y/n) away from Z;’zl 7j. By
the point-wise concentration bound ([77, Lemma 1]), for every ¥ € R% ,» we have Prp_~(Hist(P) = %) = Q((v/n)!79). Therefore,

Pr(Xz € Uy ) 2 Prp_(Hist(P) € RE ) > [RF | x (Vi)' ~9)

=0 (e 0 (V%) x 2 (V) 7) =0 (e ()7
This completes proof of Claim 10. O

The lower bound for PT-©(+/n)-sup follows after applying Claim 10 to any z* € CH(II) N Cy and 7° defined in Step 2 for poly lower
bound above.

Proof for the phase transition at ©(n) case of sup (PT-O(n)-sup for short).

B < Cyn. Letc¢* = %(Cg + Ben(m))- We first show that n - CH(II) is Q(n) away from Cpc+, which is equivalent to CH(II) being Q(1) away
from C.+. Due to the minimality of Beyy(ry, we have CH(IT) N Ce+ = 0. Notice that CH(II) is convex and compact and C+ is convex. By the
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strict separating hyperplane theorem, the distance between CH(II) and C,+ is strictly positive, denoted by ¢’. Let ¢z > 0 denote any fixed
constant that is smaller than ¢’.

Next, we prove that n - CH(II) is Q(n) away from Hpg. To this end, we prove the following claim, which states that for any sufficiently
large B” > 0, Hp' is O(1) away from Cpry0(1)-

CramM 11. Given a PMV-instability setting S, there exists a constant C such that for any B > C, any n, and any X € Hps, there exists
X' € Cpryc such that |X¥ — X' | < C.

Proor. The proof is done by analyzing feasible solutions to the following two linear programs LP4; and LPcope, whose variables are X
and 0.

LPg, LPcone
max 0 max 0
st. Asx ()T < (bs)T st. Agx (D)7 < (6)T
Arx (X+3x0)T < (bp)T ATx(;'c'+6><O)T§(5)T
-3<0 -3<0

Because ¥ € Hp, there exists 6 > 0 such that ¥+ 3 x O € Hy and ¢ - 3 < B’. Therefore, (¥,) is a feasible solution to LP. Notice that
LP(one is feasible (for example 0 is a feasible solution) and LP¢; and LPcope only differ on the right hand side of the inequalities. Therefore,
due to [15, Theorem 5 (i)], there exists a feasible solution (X¥”, w’) to LPcope that is no more than gA max{|bs — 0loo, b1 = Oleo} = O(1) away
from (¥, w) in Leo, where A is the maximum absolute value of determinants of square sub-matrices of the left hand side of LP¢; and LPcope,

Ag 0
ie., At A1 x(0)"T |.This implies that
0 -1
¢-8 <@ w+ (¢ 1)gA max{|bs|e, [brleo}
The claim follows after letting C = (¢ - T)qA max{|bs|co, |bT|c0 }. o

As proved above, n - CH(II) is Q(n) away from Cp¢+ for any sufficiently large n. Notice that for any sufficiently large n, we have
(¢* = C2)n > C, where C is the constant guaranteed by Claim 11. Therefore, by Claim 11, every vector X in Hp is O(1) away from a vector
%" in Cpyo(1) S Cncr- Recall from above that n - CH(II) is Q(n) away from Cpc+. Therefore, n - CH(II) is Q(n) away from Hp.

Finally, for any 7 € 1", let 7’ = % Z;?:l 7j. Because 7’ € CH(II), the Lo distance between z”, which is the mean vector of)?ﬁ, and Hp is
Q(n). The (exponential) upper bound for the B < Cyn case is proved by a straightforward application of Hoeffding’s inequality and the
union bound to all ¢ dimensions as in the proof of the exponential case of sup. The exponential lower bound trivially holds.

B > C3n. The O ((‘/Lﬁ)q—dw) upper bound of this case follows after Claim 6. At a high level, the proof of the Q ((\/Lﬁ)q_d”) lower
bound is similar to the proof of the polynomial lower bound of PT-©(+/n)-sup. The main difference is that the condition is weaker now
(CH(II) N Ceo # 0 compared to Cy N CH(II) # 0). Therefore, we will identify two different sets ‘RE . € Hppnand R%tl C Uy p for any
strictly positive 7* € Conepg+ with #* - T = 1, where B* is a fixed number such that C3 > B* > Bep(m)- It follows that 7 € Hs <o and we
can write 7+ = §* — 6+ x O, where §* € Hy <, 6+ > 0,and ¢-5* < B*.

In the following procedure, we define a basis B* of Pe, that is similar to B Let {p;',...,p] } denote a set of dw linearly independent
vectors in Coo € Poo. W.lo.g. suppose for every j < deo, 5}." -1 € {~1,0, 1}—otherwise we divide ﬁ;' by |15j+ -1|. For every j < deo, let

O -4 >4 >4 = . =4 2 _+
p; =9; - 0; X O, where y; € Hr <o andoj > 0. For convenience, let pf" = 7™

Procedure. Start with B* = {5"}. For every 1 < j < deo, we add p Jff to B if and only if it is linearly independent of existing vectors in B*.
At the end of the procedure, we have [B*| = deo. Wlo.g, let B* = {pf,pf",....p7 _ }.

Next, we define L*, C*, and R} that are similar to L°, C°, and RY in Step 1.2 of the proof of the polynomial lower bound of PT-©(~/n)-sup,
respectively.
Let L* denote the lattice generated by B* excluding 0. That is,

deo—1 o
]L+:{Zi:0 )Li.p;’:VOSisdoo—l,/lieZandEOsiSdm—ls.t.Aiio}

Let C* denote the minimum Lo, norm of vectors in L*. That is,

C* =inf {|¥|, : ¥ €L}
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Following a similar argument that proves C° > 0, we have C* > 0. Then, define

dew-1[2C' R
R = {Zm l’rF“.Ai-p;’ V1<i<do—-1,4 e{o,l,...,Lx/ﬁj}}

Notice that vectors in R}, do not have py = 7+ components. Recall that ¥* € Up: ,#, which means that %*.1=n* For any n € N, define
RE = {(n-n#-z+.i)-n++z#+z+;f+ evz;}
Like Claim 8, in the following claim we prove that vectors in R}, . are at least 2C” from each other in L.
Cramm 12 (Sparsity of R}, ). For any pair of vectors X', X2 € R}, whose R, components are different, we have |¥' — X%|0 > 2C’.

Proor. For j € {1, 2}, we write

i=1 ct i i

where ¢! and ¢2 guarantee that X! - 1=#%2.1 = n. Then, because F -%?)- 1=0and 7" -1 =1, we have

do—1{2C" oy o
D Y = AR

i=1 | Ct+

o . deo—1[2C’ -
x]={’]-n++x#+z { Wﬂ-p.*

Therefore,
1 4 de—-1[2C .
o= - Ot Zi:l {F} (A =23 - it
do-1[2C O du-1[2C R
:Zizl ’VF“ (AIZ - All) . (pi+ . 1) . 7T+ + Zizl "F“ (/111 _ Alz) .pi+

2C" deo—1 - deo—1 N
= {F} (Zi=1 W=D FF-D a0 =2 ~pi+)

Recall that for all i < deo — 1, ;" - 1 is an integer, which means that Z?:l_l (/ll.Z - /1}) (P 1) is an integer. Also because the R} components
of X! and %2 are different, there exists i < ds — 1 such that /1} - /1% # 0. Therefore,

doo—1 oy o deo—1 N
D A=A (BF D)t Y - B el

Therefore,
de—1[2C"
=1 _ 22| _opl _ 2 o0 1_32y.7
|x - \oo =(¢ -t )n++zi:1 {F} (A = A7) 'Pi+
deo—1[2C" oy o deo—1]2C" S
I (R R NS Sl - (R
2C! doo—1 oy o deo—1 .
={C+W Zi:l (Af =2 - (57 - 1)'”++Zi:1 (4 =29 - B/
4
> {gw -Ct=2C
C+
This completes the proof of Claim 12. O

Then, we prove the counterpart of Claim 9 for RE ,, in the following claim.

CrLam 13 (Rg’n CHpn,N IR;O). There exists N € N that does not depend on B or n, such that whenn > N, Rg’n CHpnN Rgo.
?:1_1 [%—ﬂ “Ai - pjt. Clearly RY | C R‘;O for

sufficiently large n, because 7% is strictly positive. It is not hard to verify that X € Hs, because 7+ € Hs <o, ¥* € Hs, and X+ € Hs <o. Let

- . deo—1[2C’ -
5= (nont ¥ 1)-5% 45"+ Y { 1.%.0%

#

PrOOF. Let X = (n—n* —%%-1) - 7+ + 2% + ¥* denote any vector in R, o Where X =3

i=1 | Cc+ i
It follows that ¢ - w < B*n + B* + O(+/n), which is smaller than B > Csn for any sufficiently large n, because C3 > B*. Then,
- dw-1[2C’
x W = —_ # —_— »t . . ot ﬂ# * — . ;. Q~
x+w><0—(n n" —x l) gy o+ g +Zi=1 {CJ Ai- ¥ €eHr
—_—— ——— ~——
in (I'{T,SO in '}"{T in (}‘(’LSQ

Therefore, ng,n C Hpp. This completes the proof of Claim 13. O
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Let 7??; C Up,p denote the integer vectors corresponding to vectors in R}, . guaranteed by Claim 7. Then, |7€%tl| = Q((vn)%~1). The

Q ((\Lrn)q’dm) lower bound follows after similar steps as Step 2 and Step 3 for the polynomial lower bound of PT-©(+/n)-sup. Specifically,
we have the following counterpart to Claim 10 with a similar proof.

CH(IT)

CH(TT)’ there

CraM 14. For any PMV-instability setting S, any strictly positive set of distributions II such that B
exist Cg > 0 and N > 0 such that for anyn > N, any B > Cy'n, and any 7 € 1",

< oo, and any C; >B

- 1|9 %
Pr(Xz € U,B) = Cs - (—)

N

Proof for inf. Like the sup part, we call the four cases in inf part the 0 case, the exponential case, the phase transition at @(+/n) case, and
the phase transition at ©(n) case.

The 0 case is straightforward. To prove the exponential upper bound, we need to prove that there exists 7 € IT" such that Pr()?;r €
Uy,,B) = exp(—Q(n)). Let n” denote an arbitrary vector in CH(IT) \ Co. Because Cw is a closed cone, the distance between 7’ and Ceo
is strictly positive, which means that the distance between n - 7’ and Cs is Q(n). Then, let 7 € II" denote an arbitrary vector such that
% Z;.l:l 7j is O(1) from 7’ in Leo. Therefore, Z;’zl 7j, which is the mean vector of)z;r, is ©(n) away from Ce 2 Cg. Then, similar to the
proof for the exponential case of sup, by Claim 3, 2?21 mj is ©(n) away from Hp 2 Uy, . The exponential upper bound of inf then follows
after Hoeffding’s inequality and the union bound. The exponential lower bound trivially holds.

Proof for the phase transition at ©(yn) case of inf. The (polynomial) upper bound follows after the upper bound of the phase
transition at ©(+/n) case of sup. The polynomial lower bound follows after applying Claim 10 to every 7 = (71, ..., m,) € II" and letting
gr=L1yn gie .

n ~j=1"J

Proof for the phase transition at ©(n) case of inf. When B < C; n, the (exponential) lower bound is straightforward. The proof for the
(exponential) upper bound is similar to the proof of the B < Cyn case of PT-O(n)-sup. More precisely, let ¢* = %(CZ_ +By (H))' According

to the minimality of BEH(H)’ we have CH(IT) ¢ C.+. Let 7’ € CH(II) \ C,+, which means that z’ is Q(1) away from C,+, because C,+ is a

closed set. Let 7 € II" denote an arbitrary vector such that Z?:] 7j is O(1) from n - 7" in Leo. Then, Z;’:l 7j is Q(n) away from C,+. By
Claim 11, Z;’zl 7j, which is the mean vector of )?,;, is Q(n) away from Hp in L. The exponential upper bound follows after Hoeffding’s
inequality and the union bound.

When B > C;n, the polynomial upper bound follows after the sup case. To prove the polynomial lower bound, notice that C >
> Bepm)- Let BY be any number such that B < B* < (5. This means that CH(IT) C Cp+. Because By = Benm)s we

B

CH() CH(IT)
have B* > By ). The proof for the lower bound is similar to the proof for the lower bound in the phase transition at ©(n) case of inf:
notice that in the proof of the B > Csn case of PT-@(n)-sup, the proof works for any 7+ € CH(IT) N Cg+ = CH(II). O

F Materials for Section C.4
F.1 Proof of Theorem 3

Theorem 3. (Semi-Random Likelihood of PMV-multi-instability, B = O(n)). Given any q € N, any closed and strictly positive IT over
[q], and any union M of I € N PMV-instability settings {S* : i < I}, there exists a constant C; > 0 so that for any n € N and any B > 0 with
B < Cln,

0 if Wmax = —00
- : — 2
sup Pr (Xﬁ. € 'L{’{Vé) = eXp(—@(;lz)w if Wmax = _lognn
mell® e ((‘/Lﬁ) max) otherwise
0 if Wiin = —00
N . Lo 2
i pr(R%p <) =] SPCOMN iy =i
el (€] ((L) mm) otherwise
n

Proor. The 0 cases of sup and inf are straightforward. Like the proof of Theorem 2, it suffices to prove the other cases of sup and inf for
every sufficiently large n.

Proof for the sup part. We first prove a convenient corollary of Theorem 2, which uses the weight in the activation graph to represent
conditions of the sup part of Theorem 2.
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CORROLLARY 2 (Activation graph representation of the sup part of Theorem 2). Given any q € N, any closed and strictly positive
II over [q], and any PMV-instability setting S = (Hs, Hp, 0,¢), any Cz with C; < Bep(my, anyn € N, and any 0 < B < Can, let
W* = sup e cp(r) Wn,B (7, S),

0 ifw* = —c0
— if — *
sup Pr (X~ € ‘LI,LB) _ ] exp( @)(;‘z)w* if —co<w* <0
et C ((L) ) otherwise
\Vn

ProoF. The 0 case is straightforward. Like in the proof of Theorem 2, for the non-zero cases it is without loss of generality to assume that
n is larger than a constant.

Exponential case. In this case we have w* = logn’ which means that CH(IT) N Cy = 0. Therefore, the exponential case of Corollary 2 follows

after the exponential case and the B < Cyn case of in Theorem 2.

Polynomial case. Because CH(II) is bounded and closed, it is compact. Therefore, there exists 7* € CH(II) such that w, g(7*,S) = w* =
do + dp - min {%, 1}. It follows from Theorem 2 that

sup Pr ()2;, € 71,,!3) =0

gelln

min{B + 1, Vn}% )
(V-

Notice that

min{B + 1, Vn}% log n
lOg (W dA min log(B + 1) — ¢+ (d - )
_logn . [2log(B+1) ~ 1\
= (do +da -mln{ logn ,11 —q| =log N
This completes the proof of Corollary 2. O

Define C; for sup. Let C; > 0 denote any positive number that is smaller than any strictly positive B! That is,

CH(IT)*

0 < C; < min{B! >0,i <I}

CH(II) * CH(H)

The rest of the proof for the sup part of Theorem 3 is done by combining the results of the applications of Corollary 2 to all PMV-instability
settings and the following inequality.

max sup Pr (X~ € ’ZI ) < sup Pr (X~ € ‘LIM) <1I-max sup Pr (X~ € "LI:IB) (26)
i€l = qn melln i€l zemn
Exponential case of sup. In this case wmax = logn Notice that for all 7 € CH(II) and all i < I, we have wp, g(7, S* b < —m, and there
exists 7% € CH(II) and i* < I such that wy, g(7* , 87 = _log . Therefore, by Corollary 2, supzcpn Pr (Xﬂ € (L(r’l’B) = _lozﬂ’ which means

that
max sup Pr (X* € 71 ) = exp(—0O(n))

i€l zeqyn

The exponential case follows after (26).

Polynomial case of sup. The proof for the polynomial case is similar. To prove the polynomial upper bound, notice that for all 7 € CH(II)
and all i < I, we have w, (7, S") < Wmax. By Corollary 2, when n is sufficiently large, for all i < I, we have

1 q_wi* 1 q— Wmax
P (Xﬂ eU: ) = ofl— —oll—= ’
et <o () J=ol(G) )
where w'* is the weight w* in Corollary 2 applied to S = S*.
To prove the polynomial lower bound, let 7* € CH(II) and i* < I be such that w (7r S) = whay. According to the polynomial
case of Corollary 2, we have
1 q— Wmax
o (<) =[G )

The polynomial lower bound of sup follows after (26). This proves the sup part of Theorem 3.
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Proof for the inf part. The hardness in proving the inf part is that any 7 € IT" that achieves inf for one PMV-instability setting S may
not achieve inf for another PMV-instability setting S ¥, and therefore may not achieve inf of the PMV-multi-instability problem. This
is different from the sup part, where the 7 € II" with the highest value of sup under some S ¥ achieves sup of the union-manipulation
problem. Consequently, even though the inf counterpart of Corollary 2 can be proved for inf, it is cannot be leveraged to prove the inf part
of Theorem 3.

To prove the inf part, we first define some distributions that will be used to prove the upper bounds for inf.

DEFINITION 19 (7r7’s). Given a PMV-multi-instability setting M, for every non-empty set I C [I] such that CHII) € U;ec 1 Cé, we choose
nr € CH) \ (User G)-

Because every Cé is a closed set, the distance between 77 and J;c 7 Coi is strictly positive and is denoted by 7 > 0. Due to Claim 5, for
every i € I there exists a constant c; such that each vector in 7‘(1’3 is no more than c¢;(B + 1) away from a vector in Cé. It follows that for any

n> ‘2—;" and any B < f—én, the distance between 77 and 7‘(15 is at least %n.

Define C; for inf. Let C; denote the minimum f—gj for all well-defined 5 and all i € 7. Let § denote the minimum 671 for all well-defined

d 7. It follows that for any sufficiently large n (that is larger than all %) and any B < Cyn, the distance between any well-defined 77 and
any i € 7 is at least dn.

2n
logn

Exponential case of inf. In this case wpin = — . The exponential lower bound trivially holds, because there exists an active S*. To

prove the exponential upper bound, let m\;\; € CH(IT) be an arbitrary distribution such that for all i < I, wy, p(mpM, S < - lozg"n. Let

Iy denote the indices to the active PMV-instability settings (whose Cp’s do not contain my), that is,

N . 2n
Ivm = {l <I:wyp(mvm, S') = _logn}

Because mypy € CH(IT) \ (Uie[ Ci), we have that 77, is well-defined. Therefore, for every i € Iy, the distance between 77, and Cé is

at least dn. The exponential upper bound follows after applying Claim 11, Hoeffding’s inequality, and the union bound to any 7 € I1" such
that | Z;’:l Zj =N+ gl = O(1), as done in the B < Czn case of the proof for PT-©(n)-sup of Theorem 2.

Polynomial case of inf. To prove the polynomial lower bound, notice that for every 7 € 117, there exists i < I such that w,, g(avg(#), S?) =
d’ . > Wmin. It follows from Claim 10 (applied to S?, and 7) that, for every B < /n,

nB =
- M - i 1 qid:‘LB 1 4~ Wmin
s ety iy ot e[ ) o)

Notice that for every B > 4/n, the inequality still holds, because we have Pr()q(;r € 'Llr’l B 2 Pr()ﬁ(;r eU r‘l ﬁ)'
To prove the polynomial upper bound, let

M £ arg ming e cpy(m) max;<g {wp,g(7, ")}

Like in the proof of the exponential upper bound of inf above, define
Ivm = {i <I: Wn’B(ﬂMM,Si) < O}

Because mypy € CH(IT) \ (Uie[ Cé), we have that 77, is well-defined. Therefore, for every i € Iy, the distance between 77, and Cé
is at least 5n. Choose any 7 € I1" such that | 27:1 7j —n- g, le = O(1). Like the exponential case above, for every i € Zyiy, we have

Pr()_()ﬁ € ‘L(:l g) < exp(—Q(n)). Moreover, for every i ¢ Iy such that S is active, we have myy € C, which means that Cé N CH(II) # 0.

Recall that d”'l B < Wmin- By Corollary 2, we have
q-di, 4= Winin
)=l )
Vn Vn

- N . 1 \9~ Wmin
Pr(X; e UM) < ZiSIPr(X;, €Uy =0 ((W) )

which proves the polynomial upper bound of inf. O

Pr(X; € UL 5) =0

Therefore,
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G Materials for Section 4
G.1 Full Version of Theorem 4 and Its Proof

THEOREM 4. Let r be an integer positional scoring rule, STV, ranked pairs, Schulze, maximin, Copeland, plurality with runoff, or Bucklin with
lexicographic tie-breaking. For any closed and strictly positive I1 with myn; € CH(IT), any X € {CM, MoV} UE-CONTROL (except X € E-CONTROL
when r = Cdy), there exists N > 0 such that for alln > N and all B > 0,

ymax 0 ifB:O
X (“”’B)z{g(min{%,l}) ifB>1

For any X € CoNTROL, anyn > N and any B > 0, Xﬁ“ax(r, n,B) =0 (1).

Proor. We first prove the B = 0 case. For any X € {CM, MoV} U E-CONTROL, it is not hard to verify that if no budget is given, then the
goal under X cannot be reached, which requires the winner to be changed. Therefore, iﬁ‘ax(r, n, B) = 0. For any X € CoNTROL, it suffices to
prove that for any alternative a,

supserps Prp_z(r(P) = {a}) = ©(1) (27)
It is not hard to see that for all voting rules mentioned in this statement of the theorem, there exists a polyhedron H“ such that for all
X € H r(xX) = {a}, mun; € HZ,, and dim(HZ;) = m!. Therefore, (27) follows after [77, Theorem 1] (or equivalently, Theorem 2 with
Hs = Hr = Hy and B = 0).
In the rest of the proof, we assume that X € {CM, MoV} U E-CoNTROL and B > 1.

Overview. Due to Theorem 5, it suffices to prove the © (min {\% 1}) matching lower bound by identifying a PMV-instability setting S that

represents some unstable histograms Uy, g, such that for all B > 1,

Xy (r.n, B) 2 supjicrn Prp.z (Hist(P) € Uy, p), and

supz e Prp.z (Hist(P) € U, p) = O (min {% 1}) (28)

Notice that for any constant C; and any B > C;+/n, the right hands side of (28) is @(1). Therefore, it suffices to prove (28) forall 1 < B < C1+/n.
For each X and each voting rule r in the statement of the theorem, we define S = (Hs, Hr, O, i ), prove that Uy, 1 # 0 for any sufficiently
large n by construction, and prove that dy = m! — 1 (which if often obvious), des = m! (by applying Claim 15).

We now prove Theorem 4 for X = CM, and then comment on how to modify the proof for other X € {MoV} U E-CONTROL.

CM for integer positional scoring rules. Let r = r; denote the positional scoring rule with scoring vector 5. Let Hg denote the set of
vectors where 1’s total score is at least as high as 2’s total score, which is strictly higher than the total score of any other alternative. Let Hy
denote the set of vectors where 2’s total score is strictly the highest. To formally define Hs and Hrt, we first recall the definition of score
difference vectors.

DEFINITION 20 (Score difference vector [76]). For any scoring vectors = (s1, ...,sm) and any pair of different alternatives a, b, let Scorez b
denote the m!-dimensional vector indexed by rankings in L(A): for any R € L(A), the R-element ofScoref;b issj, —sj,, where j1 and jo are
the ranks of a and b in R, respectively.

In words, Scorei is the score vector of a (under all linear orders) minus the score vector of b. Then, we define

b

Scoreil ‘X<0

1, Hr = {9?

0

S; = (Hs, Hr, 0172, 1)

It is not hard to verify that for any § € Hs and any X € Hrt, we have rz(¢) = {1} (1 has the highest score and wins due to tie-breaking if 2
also has the highest score) and rz(X) = {2} (2 has the strictly highest score).

Next, we show that U, g # 0 for any sufficiently large n by constructing a successful instance of manipulation by a single voter. We

first define some profiles and rankings that will be used in the rest of the proof. For any a € A, let o, denote a cyclic permutation among

A\ {a}. Let P, denote the following (m — 1)-profile.
P, 2 {aé(a > others) : 1 <i<m-— 1} U3 x L(A),

IN

Vi # 2, Score}, - ¥ < —1
: ,and

- ) S - L
Hs 2 X :Vi> 3, Score;, - X L o
’ -x <0

=
IA

where alternatives in “others” are ranked alphabetically. Let

m
; é2mx(P1UP2)UU2(m—i)><P,-
i=3
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It follows that the S(P, 1) = S(Py, 2) > 5(Ps,3) > - -+ > S(Py, m).
Let Ry (respectively, Ro) denote the ranking where 1 (respectively, 2) is ranked at the top, 2 (respectively, 1) is ranked at the bottom, and
the remaining alternatives are ranked alphabetically. That is,

RizE[1>3>--->m>2]landRy 2 [2>3>--->m> 1]

Let £ < m — 1 denote the index to the minimum value of sy — sp41. Let Ré denote the ranking where 2 and 1 are ranked at the ¢-th and the
(¢ + 1)-th positions respectively, and the remaining alternatives are ranked alphabetically. That is,
Ry23>-->¢+1>2>1>142>--->m

— S—
-1 m—£—1

Next, we define Ps and Pr. We first define P{ to be the n-profile that consists of as many copies of P, as possible, and the remaining rankings

are R;. That is, let n’ £ {IP—"IJ X |Px|, and

’

L, N
PS/'=WXP*U(YI—H/)X{R1}

(n=n") (s1=5m)
S1+S¢+1—Sm—S¢
that P¢ contains enough copies of R} and the score difference between 1 and any alternative i > 3 is sufficiently large), Ps is well-defined and
rg(Ps) = {1}. Let Pt be obtained from Ps by replacing an R vote by an Rz vote. It follows that r3(Pr) = {2}. This proves that Uy,; # 0 for
any sufficiently large n.

It is not hard to verify that dy = m! — 1 (the only implicit equality represents 1 and 2 have the same score). Let P be the profile obtained
from Ps by replacing an R; vote by an R}, vote. It follows that Hist(Pg) and Hist(Pr) are interior points of Hs <o and Hr, <o, respectively.
Therefore, By Claim 15, doo = m!. The lower bound (28) follows after the polynomial case of sup of Theorem 2 (applied to Sz). This completes
the proof of Theorem 4 for CM under integer positional scoring rules.

Let Pg denote the profile obtained from Pé by replacing { J copies of R, by Ry. It follows that for any sufficiently large n (so

CM for STV. Let Hs consists of the histograms (for which the STV winner is 1) where the execution of STV satisfies the following conditions:

o for every 1 < i < m — 4, in round i, alternative m + 1 — i has the strictly lowest plurality score among the remaining alternatives;
e In round m — 3, alternative 3 has the highest score, and the score of 2 is no more than the score of 1;
e if 1 loses in round m — 3, then 2 would become the winner; and if 2 loses in round m — 3, then 1 would become the winner.
Formally, let us recall the score difference vector (for a pair of alternatives q, b, after a set of alternatives B is removed) to define Hs and Hr.
DEFINITION 21 ([78]). For any pair of alternatives a, b and any subset of alternatives B C (A \ {a, b}), we let Scoregga
where for every R € L(A), the R-th component ofScoreg’a’b is the plurality score of a minus the plurality score of b in R after alternatives in B

b denote the vector,

are removed.

Then, Hs consists of vectors ¥ that satisfies the following linear constraints.
e Forevery i < m—4andevery i’ <i,

A -
X< —
SCore{m+2—i,..4,m},m+1—i,i’ x=-1

e Let B3 = {4,...,m}. There are two constraints: Scoreﬁ3 91" ¥ < 0and Sc:ore%3 13 SX < -1
A X< = A X< —
. ScoreBgU{l},&2 X < -land ScoreBgU{z},&1 x < -1

e For every R € L(A), there is a constraint —xg < 0.
Let Ht denote the polyhedron that differs from Hs in round m — 3, where 1 has the lowest plurality score and drops out, which means
that 2 is the STV winner. It is not hard to verify that for all § € Hs and all X € Hr, we have STV(y) = {1} and STV(X) = {2}.
Let Ssv 2 (Hs, Hr, 0172, 1). Next, we construct profiles Ps and Pr to show that U, g # 0 for any sufficiently large n and B > 1. For
any a € A, let P, denote the (m — 1)!-profile that is obtained from L(A \ {a}) by putting a at the top. Let

m
pr 2 U(m — i) X Pt and n* £ |P¥|
i=4
Let

*

— 1| X {[1 > 2 > others], [2 > 1 > others]}

*

ion J)X{3>2>l>others}+P*

+(n—n*+2—2{

It follows that |Ps| = n, and for all n > n* + 3m(m — 1)!, Hist(Ps) € Hs. Let Pr be the profile obtained from Pg by replacing one vote of
[3 > 2 > 1> others] by [2 > 3 > 1 > others]. It is not hard to verify that Hist(Pr) € Hr. Therefore, U, g # 0 for every B > 1.
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It is not hard to verify that dy = dim(Hs <o N Hr,<o) = m! — 1, where the only implicit equality requires 1 and 2 are tied for the last place
in round m — 3. To see do = m!, let P{ denote the profile obtained from Ps by adding one vote of [1 > 2 > others]. Let j= Hist(Pg) and let
¥ be the histogram of the profile obtained from P by changing two votes of [3 > 2 > 1 > others] to [2 > 1 > 3 > others]. It is not hard to
verify that g is an interior point of Hs <o, 7 is an interior point of Hr <¢, dim(Hs <o) = dim(Ht <o) = m!. By Claim 15, we have do = m!.

Then, (28) follows after the application of the sup part of Theorem 2 to the PMV-instability setting Sstv for CM under STV.

CM for Ranked Pairs, Schulze, and maximin. The proof for the three rules share the same construction. Let Hs denote the polyhedron
that consists of vectors ¥ whose WMG satisfies the following conditions.

o The weights on the following edges are strictly positive: 1 — 2,2 — 3,3 — 1, {1,2,3} — {4,...,m}.

e Forall i > 4, the weight on 1 — i is strictly larger than the weight on 1 — 2.

e wz(2—>3)>wz(l1—>2)>2wz(3—>1).

See Figure 5 (a) for an example of WMG that satisfies these conditions. Formally, we first recall the pairwise difference vectors as follows.

DEFINITION 22 (Pairwise difference vectors [76]). For any pair of different alternatives a, b, let Pair, j, denote the m!-dimensional vector
indexed by rankings in L(A): for any R € L(A), the R-component of Pair,, is 1 ifa >g b; otherwise it is —1.

Then, let Hs be characterized by the following linear inequalities/constraints:

e Foreachedgea - be {1l —22—33—1}U({1,2,3} = {4,...,m}), there is a constraint Pair;, , - ¥ < —1.

e Forall i > 4, (Pairyy — Pairy;) - X < 1.

o (Pairy y — Pairy3) - X < -1land (Pairs; — Pairy ) - X <0.

e For all linear order R € L(A), there is a constraint —xg < 0.

Let Hy denote the polyhedron that consists of vectors X whose WMG satisfies the same conditions as Hrt, except that now it is required
that wg(2 — 3) > wz(3 — 1) > wz(1 — 2). See Figure 5 (b) for an example of WMG that satisfies these conditions for odd n. We have
dim(Hr,<o) = m! — 1 (the implicit equality is (Pairs; — Pairy3) - ¥ = 0) and dim(Ht, <o) = m!.

3 3 3
1 > ) 1 > 2 1 >
15 15 15
11 7 11 7 11 7
3 5 1
4 € - 3 4 < - 3 4 < - 3
(a) WMG(Ps) (b) WMG(Pr) WMG(7))

Figure 5: CM under RP, Sch, and MM.

Let S = (Hs, Hr, 0172, 1), It follows that for any § € Hs and any ¥ € Hr, RP(j) = {1} (1 — 2 is fixed before 3 — 1 due to tie-breaking)
and RP(X) = {2} (3 — 1 is fixed before 1 — 2); Sch(y) = {1} (1 and 2 are co-winners, so 1 wins due to tie-breaking) and Sch(¥) = {2} (2 is
the unique winner); and MM(3) = {1} (1 and 2 are co-winners, so 1 wins due to tie-breaking) and MM(X) = {2} (2 is the unique winner).

Next, we define n-profiles Ps and Pt to show that Uy 1 # 0. The construction depends on the parity of n. If n is odd, let Ps denote a profile
whose WMG is the figure shown in Figure 5 (a), where the weights on 1 — 2 and 3 — 1 are the same. Due to McGarvey’s theorem [44],
such Ps exists for all sufficiently large odd number n, and we can assume that Ps contains two copies of L(A). Let Py denote the profile
obtained from Pg by replacing a [2 > 1 > 3 > others] vote by [2 > 3 > 1 > others], which means that the WMG of Pr is Figure 5 (b). If n is
even, then let the positive weights on edges in the WMGs of Ps and Pt be one more than those for odd n, so that all weights become even
numbers. In either case, it is not hard to verify that U, g # 0 for every sufficiently large n and every B.

It is not hard to verify that dy = m! — 1. To see de = m!, let 3 be any vector such that WMG(X) is the same as Figure 5 (c). Let X denote
the vector obtained from i by replacing two votes of [2 > 1 > 3 > others] by [2 > 3 > 1 > others]. It follows that the WMG(X) is Figure 5
(b). Notice that # is an interior point of Hs, <o; X is an interior point of Ht <o; and dim(Hs, <o) = dim(Hrt, <o) = m!. By Claim 15, we have
doo = m!. Then, (28) follows after the application of the sup part of Theorem 2 to the PMV-instability setting for CM under ranked pairs,
Schulze, and maximin.

CM for Copeland.
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CM, odd n. Let Hs denote the polyhedron that consists of vectors X whose UMG has the following edges: 1 — 3,3 — 2,2 — 1,
{1,2,3} — {4,...,m}. See Figure 6 (a) for an example for m = 4. Formally, Hs is characterized by the following linear inequalities/constraints:
e Foreachedgea — b e {1 —3,3 22— 1}U({1,2,3} = {4,...,m}), there is a constraint Pairj, , - ¥ < —1.
e For all linear order R € L(A), there is a constraint —xg < 0.

Let Hr denote the polyhedron that consists of vectors X whose UMG has the same edges Hs, except that the direction between 2 and 3 is
flipped, i.e., wg(3 — 2) < —1. See Figure 6 (b) for an example of the UMG for m = 4.

3
1< 2 1< 2 1< 2
15
11 1
5
4< 3 4< 3 4<—r3
(a) UMG for Hg (a) UMG for Hr (c) WMG(Ps)

Figure 6: CM under Cd,, odd n.

Let Scq, = (Hs, Hr, oL~ 1). It follows that for any §j € Hs and any X € Hr, Cdy(y) = {1} (1, 2,3 have the same highest Copeland
score, and then 1 wins due to tie-breaking) and Cdy (X) = {2} (2 is the Condorcet winner).

Next, we define n-profiles Ps and Pt to show that U, 1 # 0. Let Ps denote a profile whose WMG is the figure shown in Figure 6 (c), where
the weight on 3 — 2 is 1. Due to McGarvey’s theorem [44], such Ps exists for all sufficiently large odd number n, and we can assume that Pg
contains L(A). Let Pr denote the profile obtained from Ps by replacing a [3 > 2 > 1 > others] vote by [2 > 3 > 1 > others], which means
that the UMG of Pr is Figure 6 (b).

Recall that Pr is obtained from Ps by replacing a vote. Therefore, Hist(Ps) € Up, 1, which means that Uy 1 # 0. It is not hard to verify that
do = m! — 1 (the implicit equality corresponds to the tie between 2 and 3). Notice that Hist(Ps) and Hist(Pr) are interior points of Hs <o and
Hr, <o, respectively, and dim(Hs <o) = dim(Hr, <) = m!. By Claim 15, we have dw = m!. Also notice that myn; € Hs <o N Hr, <. Therefore,
by Theorem 2, for any B > 1 and any sufficiently large odd n , we have

B
supjzern Prp. 7 (Hist(P) € Upp) = © (min {ﬁ 1})

CM, even n, @ > 0. Let Hg be the same as defined for the odd n case above (the UMG of all vectors in Hs is illustrated in Figure 7 (a)).
Let Hrt be the polyhedron that consists of vectors X whose UMG satisfies the following conditions: the weights on the following edges are
strictly positive: 1 — 3,2 — 1, {1,2,3} — {4,..., m}. In addition, we require that WMG(X) does not contain the edge 3 — 2, i.e., we require
wz(2 — 3) > 0. See Figure 7 (b) for the UMG for m = 4 (where the dashed edge from 2 to 3 means that either there is no edge between 2 and
3, or there is an edge 2 — 3). Formally, Hr is characterized by the following linear inequalities/constraints:

e Foreachedgea — b e {1 — 3,2 = 1} U ({1,2,3} — {4,...,m}), there is a constraint Pair;, , - ¥ < —1.
e Pairsy - X < 0.
e For all linear order R € L(A), there is a constraint —xg < 0.

Let Scq, = (Hs, Hr, oL~ 1). It follows that for any § € Hs and any X € Hr, Cdy(§) = {1} (1, 2,3 have the same highest Copeland
score, and then 1 wins due to tie-breaking) and Cd, (¥) = {2} (2 has the highest Copeland score, which is at least m — 2 + ).

Next, we define n-profiles Ps and Pt to show that U, ; # 0. Let Ps denote any n-profile that contains £ (A), whose UMG is as in Figure 7 (a),
and its existence is guaranteed by McGarvey’s theorem [44]. Let Pr denote the profile obtained from Ps by replacing a [3 > 2 > 1 > others]
vote by [2 > 3 > 1 > others], which means that the UMG of Pr is consistent Figure 7 (b) (and there is no edge between 2 and 3 in UMG(Pr)).

To characterize deo, we prove the following convenient claim for general PMV-instability problems (for general g) that will be frequently
used in the proofs of this paper.

Cramm 15. Suppose dim(Hr <o) = q and Hs <o has an interior point that can be manipulated to an interior point of Hs <o, then doo =
dim(Hs <o)
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ProoF. Because Coo C Hs <o, We have doo < dim(Hs <¢). Next, we prove that deo > dim(Hs <¢). Let §j = X — 6 X O denote an interior

< 2

W
A\
(o))

(a) UMG for Hsg (b) UMG for Hrt (c) WMG(Ps)

Figure 7: e-CCAV under Cd,, even n, a > 0.

point Hs <o, where X is an interior point of Hr <o and 6 > 0 represents successful operations (without budget constraints). Let C > 0
denote an arbitrary number so that the C neighborhood of X in Le is contained in dim(Hr <¢). Therefore, the C neighborhood of § in L is
contained in Ht <o + Qz.5. It follows that any vector §’ € Hs <o that is at most C away from § in L is in Coo. Because  is an interior point
of Hs, <o, we have doo > dim(Hs, <o), which proves Claim 15. ]

It is not hard to verify that dy = m! — 1 and do, = m! (by Claim 15). Notice that m; € Hs <o N Ht,<o. The even n and @ > 0 case follows
after Theorem 2.

CM, even n, o = 0. Let Hg be the polyhedron that consists of vectors X whose UMG contains 1 — 3,2 — 1, {1,2,3} — {4,...,m}.In
addition, we require that WMG(X) does not contain 2 — 3, that is, wg(3 — 2) > 0. See Figure 8 (a) for the UMG for m = 4 (where the
dashed edge from 3 to 2 means that either there is no edge between 2 and 3, or there is an edge 3 — 2). Formally, Hs is characterized by the
following linear inequalities/constraints:

e Foreachedgea — b e {1 — 3,2 - 1} U({1,2,3} — {4,...,m}), there is a constraint Pair; , - ¥ < —1.

e Pairp3 - X <0.

e For all linear order R € L(A), there is a constraint —xg < 0.

Then, we let Ht be the same as Ht in the odd n case above (as illustrated in Figure 8 (b) for m = 4). Let Scq, = (Hs, Hr, oL~z 1)1t
follows that for any 3 € Hs and any X € Hrt, Cdy(y) = {1} (1 and 2 have the same highest Copeland score, so 1 wins due to tie-breaking)
and Cdy(¥) = {2} (2 has the strictly highest Copeland score m — 1).

Let Ps denote an arbitrary n-profile whose WMG is as shown in Figure 8 (c) and it contains two copies of L(A). Let Pt denote the
n-profile obtained from Ps by replacing a [3 > 2 > 1 > others] vote by [2 > 3 > 1 > others], which means that the UMG of Pr is like
Figure 8 (b). It follows that Hist(Ps) € Hs and Hist(Pr) € Hrt, which proves that Uy, ; # 0.

2 1< 2

1< 2 1< |
A 16 16
: 12 12
: 5 o
4 < 3 4 < 4

20

N

A
(98}

(2) UMG for Hg (b) UMG for Hr (c) WMG(Ps) (d) WMG(3)

Figure 8: E-CCAV under Cd,, even n, a = 0.

It is not hard to verify that dy = m! — 1. To see dos = m!, let § be any vector such that WMG(X) is the same as Figure 8 (d) and it contains
two copies of [3 > 2 > 1 > others]. Let X denote the vector obtained from i by replacing two votes of [3 > 2 > 1 > others] vote by
[2 > 3 > 1 > others]. It follows that the UMG(X) is Figure 8 (b). Notice that § is an interior point of Hs <¢; ¥ is an interior point of Hr <¢;
and dim(Hs <o) = dim(Ht <o) = m!. By Claim 15, we have do = m!. The even n and a = 0 case follows after Theorem 2.
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Other coalitional influence problems.

The proof for MoV is based on the same constructions of Ps, P, Hs, and Ht. The only difference is that the set of vote operations in S is
Ox.

The proofs for e-CCAV and e-CCDV are is based on similarly constructions of Pg, Pt, Hs, and Hr. The main differences are, first, the set
of vote operations in S is Oy and O_ for e-CCAV and e-CCDV, respectively. Second, the added (respectively, deleted) votes correspond to
the new (respectively, old) votes in CM. We add 3 x L(A) to Ps so that there is enough votes to be deleted for e-CCDV. Below we take
constructive control {d} = r(Pt) for example (where Pr depends on the problem and will be specified soon). Other cases can be proved
similarly.

o Integer positional scoring rules. If d # 1, then Ps, Hs, and Hr are similar to their counterparts in the proof of CM under integer
positional scoring rules. Take d = 2 for example, for e-CCAV, the added votes are Ry; and for e-CCDV, the deleted votes are R;. If
d = 1, then we switch the roles of Hs, and Hr, and switch the roles of Pg and Pr in the proof of CM under integer positional scoring
rules. Then, for E-CCAV, the added votes are Ry; and for E-CCDV, the deleted votes are Rs.

e STV.If d # 1, then Ps, Hs, and Hr are similar to their counterparts in the proof of CM under STV. Take d = 2 for example, for
E-CCAV, for -CCAV, the added votes are [2 > 3 > 1 > others]; and for E-CCDV, the deleted votes are [4 > 1 > 2 > 3 > others]. If
d = 1, then we switch the roles of Hg, and Hr, and switch the roles of Ps and Pr in the proof of CM under integer STV.

e Ranked pairs, Schulze, and maximin. If d # 1, then Ps, Hs, and Hr are similar to their counterparts for CM. Take d = 2 for
example, for E-CCAV, the added votes are [2 > 3 > 1 > others]; for e-CCDV, the deleted votes are [1 > 3 > 2 > others]. When n is
even, the weights in WMG(Ps) are all even, for example the positive weights can be one plus the weights in Figure 5 (a). If d = 1, then
we switch the roles of Hs, and Hr, and switch the roles of Ps and Pr in the proof of their counterparts for CM.

e Copeland. The proof for Copeland (« # 0) is slightly more complicated than the proof for other rules, as Hs, Hr, Ps, and Pr depend
on the parity of n. We prove e-CCAV with d = 2 (changed from a profile Hs where 1 is the winner) for odd and even n respectively,
then comment on how to modify it for other cases.

When n is odd, let Hs and Ht be the same as those for CM, even n, & > 0 (Figure 7 (a) and (b)). Let Pg be any n-profile whose WMG
is as shown in Figure 9 (a), and let Pt be the (n + 1)-profile obtained from Pg by adding one vote of [2 > 1 > 3 > --- > m]. The WMG
of Pt is shown in Figure 9 (b).

3

1< 2 1< 2 R — 2
15 16 17
11 1 12 13 1
5 6 7

4< 3 4< 3 4<

19

W

20 21

(a) WMG(Ps) (b) WMG(Pr) (c) WMG(X)
Figure 9: e-CCAV under Cd,, odd n.

Let S = (Hs, Hr, Sy, 1). It follows that for any §j € Hs and any ¥ € Hr, Cdg(§) = {1} (1, 2, and 3 have the same highest
Copeland score, so 1 wins due to tie-breaking) and Cdy(X) = {2} (2 has the strictly highest Copeland score m — 2 + a). It is
not hard to verify that dy = m! — 1 (the only implicit equality is the tie between 2 and 3). Moreover, let § = Hist(Hs) and let
X =Hist(HsU2x[2 > 1> 3> --- > m]), whose WMG is illustrated in Figure 9 (c). Then we have that j and ¥ are the interior points
of Hs, <o and Hr <o, respectively, and it follows from Claim 15 that dos = m!. The case of d = 2, odd n follows after Theorem 2.
When n is even, let Hs and Hr be the same as those for CM, even n, @ = 0 (Figure 8 (a) and (b)). Let Ps be any n-profile whose
WMG is as shown in Figure 10 (a) (which is the same as 8 (c)), and let Pt be the (n + 1)-profile obtained from Pg by adding one vote of
[2>1>3>-.-> m]. The WMG of Pr is shown in Figure 10 (b) (which is the same as Figure 10 (c)).

Let S = (Hs, Hr, Sy, 1). It follows that for any 3 € Hs and any X € Hrt, Cdy(j) = {1} (1, 2, and 3 have the same highest Copeland
score, so 1 wins due to tie-breaking) and Cdy (X) = {2} (2 has the strictly highest Copeland score m — 2 + a). It is not hard to verify
that dy = m! — 1 (the only implicit equality is the tie between 2 and 3). Moreover, let § denote the histogram of Pg subtracting one vote
of [2>1>3> .- > m] (whose WMG is illustrated in Figure 10 (c), which is the same as Figure 9 (a)), and let X = Hist(Ht). Then
we have that j and X are the interior points of Hs <o and Hr <o, respectively, and it follows from Claim 15 that des = m!. The case of
d = 2, odd n follows after Theorem 2.
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Figure 10: e-CCAV under Cd,, even n.

The proof for e-CCAV and any d > 3 is similar, which is done by simply switching the role 2 and d in the proof for d = 2. The proof
for e-CCAV and d = 1 is done by (1) switching the role of Hs and Hr, (2) switching the role of Ps and P, and (3) the added vote is
the inverse of [2 > 1> 3 > - > m]. The proof for e-CCDV is similar, by noticing that adding [2 > 1 > 3 > --- > m] is equivalent to
subtracting its inverse.

The proofs for e-DCAV and -DCDV are similar to the proofs for E-CCAV and e-CCDV, as the proof essentially works for control of
changing any source winner to any target winner. O

G.2 Full Version of Theorem 5 and Its Proof

THEOREM 5 (Upper bound on Coalitional Influence under GSRs). Let r denote any GSR with fixed m > 3. For any closed and strictly
positiveIl, any X € {CM, MoV} U CoNTROL U E-CONTROL, any n, and any B > 0,

~ B+1
X7 (r,n,B) =0 (min {—, l})
\n
PROOF. Let X be any coalitional influence problem described in the lemma and let its PMV multi-instability representation be M = {S* =
(HE, HL O €%y :i < I} due to Lemma 1. For every i < I, recall that there exist a pair of feasible signatures f; and f, so that 7(f;) # 7(f2)

and 7-(§ =H; and 7-(,} = H;,. Therefore, at least one component of 1 @ Iy is zero. This means that dé = dim(H; o7,) < m! — 1. Also notice
that dio < m!, which means that dy < m! — d(i). Therefore, according to Theorem 2, we have

. i 1 i
supz cpn Prpz (Hist(P) € U, 5) = O (min{B +1,vVn}% - (T)m!—do

o)) e

This proves Theorem 5 because I is finite. O

=0

G.3 Proof of Theorem 6

THEOREM 6 (Max-Semi-Random Coalitional Manipulation for The Loser). Letrg be an integer positional scoring rule with lexicographic
tie-breaking for fixed m > 3 that is different from veto. For any closed and strictly positive I with m,n; € CH(II), there exists N > 0 and B* > 0
such that for anyn > N and any B > B”,

CMLy (rzn,B)=©

B m—1
min{—,1
%)

Proor. The proof proceeds in the following two steps.

Define the PMV-multi-instability setting Mcyy. For every pair of different alternatives a, b, we define a PMV-instability setting
Sk = (Hs, Hr, 0470, 1), where

o Hs denote the set of vectors where a is the winner and b is the loser under r;.
o Hr denote the set of vectors where b is the winner under r;.
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Take a = 1 and b = 2 for example. Recall that Scorei p is the score vector of b (under all linear orders) minus the score vector of a
(Definition 20). Then, we have:

Vi > 2, ScoresT1 “X<0 Scorefz ‘X< -1
Hs £ {X:Vi>3, Scoregi‘y?s—l JHr £ X :Vi > 3, Scorefz-fso , and
-X¥<0 -%<0
Mem = {S&\_/ff ra,be Aa+ b}
Apply Theorem 2. In this step, we prove that for every S&_/I’ﬁ’ (with corresponding (L{r‘:’;b),

R B m—1

sup Pr (X;, € Wn,B) = 0O |min {— 1} (29)

Aelln \n

We first prove kj = false (ie., ‘Ll"f;b # 0) for any sufficiently large n and B, by constructing a successful manipulation by B voters. Recall
from the proof of Theorem 4 that for any a € A, o, denotes a cyclic permutation among A \ {a}. Then, we define two profiles, each of
which consists of m — 1 votes as follows.

P;Op = {0'2((1 >others): 1 <i<m-— 1} and PBOt = {O'Lil(others >a):1<i<m-— 1}
We further define the following “cyclic” profile of m votes: let o denote any cyclic permutation among A, e.g,1 52— --- > m — 1.
Peye 2 {0’ (1> >m):1<i<m}

Let Ps denote the n-profile that consists of P;Op, PB"t, as many copies of Peyc as possible, and the remaining rankings are [a > others > b]. Let

(m-1) (s1=5m)
(m=2)(s1=sm-1)
for any sufficiently large n. It is not hard to verify that a has the strictly highest score in Ps, b has the strictly lowest score in P, and b has

the strictly highest score in Pr. This means that for any sufficient large B, ’Llr‘fg’b #0.
Next, let Cg_’b = Hs, <o NHr,<o. We have mp; € CH(IT) N Cp, which means that k3 = false. Therefore, the polynomial case of Theorem 2

holds for S&\_/I’I{’ . Notice that

Pt denote the profile obtained from Ps by replacing [ -‘ + 1 copies of [others > b > a] to [b > others > a]. Pt is well-defined

Vi# b, Scorefb -X<0

Cgﬁb =Hs <o NHr <o =1X:Vi#Db, Scoreii “X<0

-

0

IA

-
Therefore, we have dy = dim(CO“_’b) =m! — (m — 1) (because the implicit equalities represent the scores of all alternatives are the same,

which are characterized by m — 1 equations). Notice that Hist(Ps) is an interior point of Hs <, Hist(Pr) is an interior point of Hr, and
dim(Hs, <o) = dim(Ht <o) = m!. Therefore, by Claim 15, we have do = dim(Hs <o) = m!, which means that dp = m — 1. It follows from
- in{B+1,yn}""!
sup Pr (XE € ’L{n,B) =0 ( min{ Vi) ) =0

Theorem 2 that
B m—1
gell” (y/n)m'=(m!=(m-1)) mln{%,l} ),

which proves Equation (29). Then, Theorem 6 follows after applying Equation (29) to all a # b. O

H Ties ¢ [O(1) instability]
ExampLE 6 (Ties= ©(1) instability). Consider Cd, with four alternatives. Let P’ denote an arbitrary profile whose UMG is the same as

Figure 11 (a). For anyn’ € N, we let P = n’P’. It is not hard to verify that Cd, (P) = {1,2}. The winner under P is stable with ©®(n) changes in
votes, because the UMG of any profile whose histogram is ©(1) away from Hist(P) is the same as Figure 11 (a).

ExampLE 7 (Ties¢= O(1) instability). Letr denote a biased Copelandy rule for four alternatives, which differs from Copelandy in that if
1 — 2, then alternative 1 gets 2 points (instead of 1). Let P’ denote an arbitrary profile whose UMG is the same as Figure 11 (b). For anyn’ € N,
we let P = n’P’. Notice that 7(P) = {2}. To see that P is ©(1) unstable, let R denote any vote in P where 2 > 1. Replace R by [1 > 2 > others],
the winner becomes 1.

Let P* denote any profile that is ©(1) away from P. It is not hard to see that UMG(P*) contains the same edges as the graph in Figure 11 (b)
except the edge between 1 and 2. This means that either 7 (P*) = {2} (if there is no edge between 1 and 2 or there is an edge 2 — 1 in UMG(P¥)),
orr(P*) = {1} (if 1 — 2 in UMG(P")). This means that P is not close to any tied profile underr.
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(a) UMG for a tied stable profile. (b) UMG for a un-tied unstable profile.

Figure 11: Graphs used in Example 6 and 7.

Lirong Xia, RPI
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